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Abstract — The geometrical properties of the auto/mutual induction coefficient matrix among
the strands of a Rutherford cable are investigated. The solution for the general linear case is
given. The comparison with a known two-strand solution is carried out. The convergence
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1. Introduction

Consider a square N x N circulant symmetric matrix [A], defined by the following two properties:
1- ai1 = Ai-1 N, Aij = Aj-1,j-1, with 1,] =2,...,N;
2- aij = aj,i, withi,j=1,...,N.

Assume that N is even, in particular N = 2p. In this case p+1 different elements exist in the matrix [A]
(in fact, consider the firs row of [A], for which a;; = aj n+2-j with j =2, ..., N. There exist p—1 pairs and
the unpaired elements a;; and a; 5+ ha to be added). Therefore the matrix [A] can be written as follows:

ap ap ai3 vt Ay Qppe @ o Ap ap
ap ar app vt @rpq @y Arpy 0 Ay a3
a3 ap app ot Qppp Arpp A 0 Ay aq
[A]— drp  Ap-1 Ap—2 A ap a3t Ay A4
Apper Ap  Ap-1 T Ap ap app o Ay A
arp  Apa At A3 ap arp o @rpp App
a3 ay a5 vt Ay Appq A0 0 Apg ap
| 212 a3 a4 v Qo Arp Qg 0t Ap ap |

The eigenvalues of [A] can be obtained from the N-th complex roots of the unity {1}:
W =1 =T = w, =e!VN = KVP withk=p, p-1,..., 1,0, -1, ..., <(p~1)

The eigenvalues are given withk=p, p—-1,...,1,0,-1, ..., =(p—1), by:
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N N
— s—1 N-1 _ s—1 _ j(s—1km/p —
A =ap +apW o ta 0 +ota oy —231,5% —Zal’se =
s=1 s=1

o i(s—1)km/ ik & i(s—1)km/
— jls=1)kmt/p jkmt jls=1)km/p —
=ap * 2 a)e ta et 2 ,21,5C =

s=2 s=p+2

p p
— jls—1)ktt/ k i\2p+tl-o)kT/p —
=ap "'Z\'”h,sej(S Jirp ta (~1)< + Zal,Zp+2—O’eJ( pri-o)lp

s=2 o=2

P P
— jls=1)kmt/p 1)k jl-o)km/p —
=ay +Zal,se 1) +al,p+l( 1) +Zal,oe (ma)ip

s=2 o=2
p —
=a; t 2231,5 cosm ta (~1)*
s=2 p
The equation above shows that Aq = A—q, with q =1, ..., p—1. Thus, p+1 different eigenvalues of [A] ex-

ist: the algebraic multiplicity of A¢ and A, is equal to 1 (and therefore also their geometric multiplicity
and the dimension of the corresponding subspace are equal to 1); the algebraic multiplicity of Aq, with q
=1, ..., p—1, is equal to 2. To determine the existence of the associated spectral basis it’s sufficient to
demonstrate that the geometric multiplicity of A, with q =1, ..., p—1, is equal to 2, determining two dif-
ferent eigenvectors.

It is simple to show that the vector by (U] CN), with k=p, p—1, ..., 1, 0, defined by:
b, ={1,03k,-~-,coE'1}

is an eigenvector of [A] (the index T denotes the transpose operator). In fact, we have:

ap tappoy +---+a1,kaN_1 app tapuy +... "'31,N°01I<\I_1
[Alb, = Ay a0 Fo a0y ) O Wy tay +al,N—1wE_2]
aj, *a Wt ta W [aquN” +ao +all]
ay) a0y ot ey Ay
_ o laner ™ +all+---+al,N—1wkN_2] _ ] @Ay =\ b
= : = . = APy
U)kN_l[auw%( +a,30; "'---"'311] W Ay
Note that of all the by ([ CN), withk =p, p—1, ..., 1, 0, only by and b, belong to RY:
bl ={u1,---11} by ={L-L-.1-1}
Concerning by, with k =p—1, ..., 1, to construct a real spectral basis the following vectors are defined:
- Tt Tt
qu = D{l, ooq,---,oog 1} = {l,cosq—,---,cos (Zp - l)q—}
p p
bfq =D{l,(,oq,-~-,w§_l}={O,Sin%,m,sin(2p—1)%[}
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with q=1, ..., p—1. The eigenvectors by and b_,, associated to A, are orthogonal. In fact, defining
By =bq + ] b, it can be found that:

BI B, =1+ +-+w™) = BB, =B B, +wN -1= (o -1BI B, =0

Thus, for p # q # 0, we get:

2 2
BI B, =0=(bIb, ~bT,b_ )+ ibIb_, +bTb )= | =[b|
byb_, =0
Finally, the real spectral basis by, with k = p, p—1, ..., 1, 0, =1, ..., =(p—1) is orthogonal. In fact, recall-

ing that {2}:

NCO . Wl
kZ::;coS(kY) =cos( NZ_ 1 yj " é yj ;sin(ky) = sin[ Nz'l yj 2
It results that, with s # q (and thus s + q # +N):
D O e I
_ % COS( (N - 1)15? +q)t j s.m((g 3 )j ((N - 1)N(s - q)T[j s.in(gs —am) _,
bTb_, = Zcos(k j ( 2qnj NZ ( (q ;s nj . % N_lsin(k 2(q1;s)nj _

k_

L= )jfln(( 3)) o == sinfa=o
B LS
A

N

To obtain an orthonormal spectral basis, note that: 1) [[bo|* = |[b,| = N; 2) [Ibg|* + [[b-glF = N; 3) [Ibg|I* =

[Ib=4lF’; and thus |[by|* = |[bq|I* = N/2 = p. therefore, it’s possible to define the orthonormal spectral basis,
as follows:

N

ol e

S e
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bl = {O,Lsin qTI, --,Lsin (2p —1)@}
o op’ b p
with g =1, ..., p—1. Since any spectral basis is complete, it’s possible to decompose uniquely any given

vector u O R as follows:

Zp:bk(bgu)
~(p-1)

P
and thus: [A]u = ;)\kbk(bgu)
k==(p

=—(p-1)

Finally note that:

1) given a square N X N circulant symmetric positive-definite matrix [M];
2) given a square N X N circulant symmetric [G] such that g,, = Zg 1k >

Thus we have that:

1 - the eigenvalues of [M] are positive and given by:
p —
A =my; + 22 m cosw tmy g (‘ 1)k
s=2 p

withk=p,p-1, ..., 1,0, -1, ..., =(p—1). Thus [M] by = A by;

2 - the eigenvalues of [G] are negative (except for one that is null) e given by:
p
s —1)kmt k
"= zzg[l[(—)ﬂg =
s=2 p
withk=p, p-1, ..., 1,0, =1, ..., =(p—1) (therefore, in particular Yy = 0). Thus [G] by = Yk by;

3 - the orthonormal spectral basis by, with k =p, p—1, ..., 1,0, =1, ..., =(p—1), it’s the same for [M] and
[G]:

b! qT[ ! cos(2p l)qT[} bT {OL nq— Lsm(2p l)qn}
p

q{ff ¥ P Jp o P

The analysis for N odd is really equivalent, but the formulas for the eigenvalues and for the orthonormal
spectral basis are different. Assuming that N = 2p + 1, it can be found that:

1) the eigenvalues of [M] are again positive and given by:
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ptl —
A, =my, +2Zm1S cosw
s=2 , 2p+1
where the index k spans the set {p, p—1, ..., 1,0, -1, ..., —p}.

2) the eigenvalues of g are again negative and given by:
& 2s -1
= —22 sl 1— cos(—(s )knj
s=2 2p +1
where the index k spans the set {p, p—1, ..., 1,0, -1, ..., —p}.

3) the orthonormal spectral basis b is defined as follows:

b, =

b cos

{\/2p+l\/2p+1 2p+1 2p+1 ( 2p+lj}
0,
{ 2p+1 p+1 2p+1 ( p+1]}

withq=1, ..., p.
2. The Solution for the Linear Case

Assume that the currents flowing in the N-strand Rutherford cable are described by the following para-
bolic system:

GIMI 5.0+ [OlIRBG. 0+ 2 ()=l

(P) {iy (x =0,t) =i (x-Lt)-¥,cona—1 N andi,vOR"

with [R] = r [I], where [I] is the identity matrix, r is constant and [M] and [G] are constant-coefficient

matrixes with the above described properties. The boundary conditions can be synthetically written as
(0).

©) Note that projecting (P) on by, it results:
0% [ .
7{bgl(x, t)} =0
(Py) 1bTi(x =0,t)=bli(x =L.t) (O bli(x,1) (O bli0)(x)= i(t=0) (compatibility condition)
N

bli(x,t=0)=bli0)(x)

7
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i(x = 0,0 =i(x = 1, 1) = 1
Defining the current variations as:

6i(x,t):i(x,t)—%b0

the problem can be restated as (note that [G] [M] by = [G] A¢ bo = Yo Ao bg = 0):

(M1 00t 0)+[Grsi(x, 1) + )=[6]v(x.1)

(P) 1 3i(x =0, t) = 61(x =L,t)=0
=0
i(o)(x)——l(i/ﬁ )b,

Utilizing the trigonometric basis, orthogonal in [0, L], {sin(nTx/L)},, with n[IN, the following series are
defined:

3i(x,t =0)

) L

F(x,t):an(t)sm(%j - R ()=2[r(, t)sm( "Ejdﬁ

n=] 0

and then the problem can be restated as (note that the boundary conditions are essential to obtain
9> 3 ¢ )’ o
(e {2

(oI )+ 61, 0~ 77 1,0 6w, 0

P , with n[IN
5i, (t=0)=il —Mboi[l —(—1)“]
JIN nt
Utilizing the orthonormal spectral basis by, with k = p, p—1, ..., 1, 0, =1, ... =(p—1), defined above, we

get:

P P

3, (1) = _;_b)knn,k() = M) =bdi, () va(t)= _;_b)kvn,k(t) = Vi (t)=biv, ()

and then the problem can be restated as (with n[IN):

dn, ’
O AT UR E ORI

dt
r]n,k (t = 0) = bgig())

(P'hx) ,withk=p,p-1, ..., 1,-1, ... =(p—1)

Note that k # 0, in fact N, = 0 as a consequence of bgéi(x,t) =0. The problem (P',x) is directly solv-
able:

dr]nk 1 nTt 2
A —+r-—|— =Vt
kgt {r Ve ( L j }nn,k n,k( )

N (t=0)= i)
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N k=—(p-1)  n=l
k20 _
¢ > - -(t-1) l[nnjz
efar 30 By plvafle ™ il )
0 i:a(p—l )\k n=l1
_a1(y), L2 1. (0) ()& Aivlk(;” nTE
1(X,t)——Nbo +—|d¢& ; bk(bkl (E))Z m(—jsm(Tj+
0 lﬁ:(_)p_l) n=l1
=
[ k N _(;;T){ vlk(rf” . (n . ( nTE§
+_J.dEJ.dT Z _(ka(E,T))Ze ln(_jSIH(Tj
0 0 lﬁ:g(p-l) k n=l

0 k=—p—1)
k#0
L t P
+£Id§'[dt b—k(bEv(E,T))Fk (x.&t-1)
-l

Recalling that sin(col)sin(ooz) = %[cos((,u1 —(,oz)—cos((,u1 +w, )] and the definition of the elliptic theta

d 2
function 93 {3} 9,(u,q)=1+ 22 q" cos2nu, the Green functions can be written as *°°

n=1

2
(00) 0°9 3

1
4 9u?

(u.q)

09
the fundamental propriety of the function 95 (u, q) is: q 6—3 (u, q) ==
q

2

09 Note that: Vi A aaLtk(xE t)+vir M (x, &, 1) + aa rzk
X

(x,&t)=0,withk=p, p-1, ..., 1, =1, ... =(p-1).
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= L
n=1

-t 2 2 ot 2 2

)‘k (<) tn (EJ _ )‘k 00 tn (EJ +
- Z eMV\L) oo nT[(X E) _c Z eMV\L) e nT[(X E)

2~ L 2~ L

n=l n=1

o L (n L (n
=° 9, T[X € ,e)‘kyk L 9, T[X 3 ,e)\kyk L

4 2L

with k=p, p—1, ..., 1, =1, ... =(p—1). Therefore the Green matrixes are given by:

[K(O)(X,E,t)]: M (x,E,t)bkbE [K(X,E,t)] =

== p—l) k
k

o
! o
hi
=
-
-
—
\’M
_
N
=a
W
=2
~ -

~
(=)

And the solution of (P) results to be:

i(x,t)= %bo +%Td§ [K(O)(X,E,t)]i(o) () +%szde [K(x,&t-1)]v(E,1)

Note that this solution of (P) results to be invariant by addition to the sources i(O)(x) and v(x, t) of terms
proportional to a by. In fact:

[ 2)O) + e = [ O, i E) + 9@k .2y =[O, 2]i ()
[K(x. & H{v{e. 1) + (& 1o} = [K(x. & V(. 1) + 9(& DK x. & 1)l by = [K(x. & T)]v{E.7)

This means that the solution does not change if in the first integral i(o)(x) is replaced by 8i”(x) and if the
reference node for the voltages is changed.

Note that the calculation of the integration kernels [K©] and [K] may cause convergence difficulties,
since the function Iy approaches the Dirac o distribution, for t going to zero:

1i11(1) M (x,&t)= gsin(%j sin(%) = £6(x -¥)

2

Thus, if i”(x) and v(x, t) are differentiable with respect to X, it’s better to utilize an alternative form of
the solution, obtained through an integration by parts. Defining the new function I

a it
Eb g )= frbg o €T ()
0 n=1

2

or 0°r
(0000) Niote that [, satisfies the same equations of I'y: ViAo 6;tk (x, g, t) +yrly (x, g, t) + 3 _2k (x, ¢, t) =0
X
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withk=p,p-1, ..., 1, -1, ... =(p—1), and the new integration kernels [K(O)] and [K]:

kO x.2.0) - : T _ N byby
K (X,E,t)— ;Ek(xaaﬂt)bkbk [E(X,E,t)]— Ek(xﬂaat))\—
k=—(p-1) k=—(p~1) k
k#0 k#0
The solution of (P) can be written as:
i(x.0 (T _jda 2l 0 jdajdr_[g(x,a,t-r)]v(z,r)=
10 L 2[00 g i }EzL_z 0, £ )]
_\/ﬁb +{L[g (x,z,t)]l (&) g L!da [g (x,&,t) = () +
+£{jdr [K(x.2.t - )] v(E T)F_L -2 Fagfar [k 8 1- 012 (6
L T ’ L Y 98"
0 £=0 0 0
and finally:
i(x,t)=% —[K (L JdE KO (x )+

—Idr [K x,L,t = 1) v(L, 1) IdEIdr [K X,&,t— T)] (E 1)

0¢

Note that the calculation of the integration kernels [K®] and [K] is no more cause of convergence diffi-
culties, since the function [y approaches the Heaviside step function, for t going to zero:

m[k(x,z;t) Zz—Lsm(T"jsnz(nTﬁj U(E-x)= L{l’ x <&

ntt 2L 200, x>¢

In the particular case in which i”’(x) has equal components and v(x, t) is time-independent, the solution
further simplifies, defining:

[H(x, & t) = jrk (x,&1)dt = 2 1)\1( - 1—- e)\k|:r_yk(LJ2:| Sin(nTj sm(ﬂ}iﬁj
]

withk=p,p-1, ..., 1, -1, ... =(p—1); and the integration kernel [K*]:

[K*(X,E,t)]= i *( Et) kbk

Ak

the solution of (P) can be written as:
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i(x, t) = T) %'Lf dg [K* (x, &, t)] v(€)

3. Comparison with the Krempasky-Schmidt solution

The solution found above is now compared with a known one for a two-strand cable {4}. With the con-
ditions:

- I(t)=0;

2- r=0,

3- even number of periods,
4- i%x) =0,

5- time-independent excitation spatially bounded excitation to an interval in the center of the cable.

Hypotheses 3 and 5 lead to write:
/2 L & L _ & +1
v(E) = . U - 5 E)U(E + 5 E){_ 1}
where U is the Heaviside step function. For two strand, N = 2, p = 1; thus, given
[M] = {m“ m12:| [6] = {_ g2 iglz}
mp my t8n ~8n
1 - the eigenvalues of [M] are positive and given by:
Ag =my +mp 5 Ay =my —my
2 - the eigenvalues of [G] are negative (except for one that is null) e given by:
Yo =0 Vi =281,
3 - the orthonormal spectral basis by, with k = 1, 0, it’s the same for [M] and [G]:

bl —{L L} bl —{L _L}
W22 LoVt 2
To reproduce the nomenclature of {4} the following variables are defined:

2
+
Li=2(m;; —mp), G =gp,a=Ttw/2w+9J),L=2w+9, T = %LlGl(szesj

(Notethat t/L=a/w,L/w=T1t/d and (T®/2L) + a =11/ 2)

Thus we get: V(E) = % U - L - §)U(— + - - z)blﬁ . When the simplified solution is utilized, we

have:
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(Note that

L_i(ﬂjzz 1 I(ET: 1 :i1( 2]2=1)
Aoy \L m;; —my, | 2g;, \L LG, 2w +3)* 4 LG \2w +3d T

Therefore the kernel becomes:

1
LU M8 t) V2 {L _L} =
A A 1 V27 2

V2

M{*UZ —1/2} _ I_l*(X,E,t){+1 _1} B

A |-1/2 +1/2 2\, |-1 +1|

_gpli e Co2sa) L (o) L (nmEY+1 -1
= 1]_2[2 Z —2{1—e /}sm(Tj SIH(TJ[—I +J

n=1 I

[K* (x, ¢, t)] = rl*(x, ét

and the solution can be written as:

ix,t) = %Td& [k (x, & )] v(E) =

_2gpl s 1 wt) (o) e (Y HD -~ -
__T? ZF{I—e /}51n(nTj£dE sm(nTj{_l +JV(E)‘
(

n=1
; ® L+3)/2
S e ) ol -
™3 Z; n2{ ) }Sm L (L_i)jsm L -1 +1]-1
: o (L+3)/2
P Lo 1} —w?/rl (DT . (nmg\[+2
5 Lo al) a3

Since i, = —1;, only 1;(x, t) is considered:

n=1 1 (L-3)/2
® (L+3)/2
41 L 1 w2 o
= T[2m6 —2{1 —e" /T} n[HTXj IdE sm[nTj =
WO L= I (L-3)/2
o (L+8)/2
N {l_e_mz/r}sm(lwf_x]l I Sm(n_j
™= W (L-3)/2 L
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where I = ®G,w /2. The last integral can be made explicit, as follows:
(L+8)/2
- +
1 JdE sin[mﬁj - L cos(nT[L 6) - cos(nT[L 6) =
o L nTd 2L 2L
(L-8)/2
_ 2L nT nTo
= ——sin sin| —
nTo 2 2L
Note that, since sin (nT72) = 0 for even n, it’s possible to restrict la summation to the odd n only. More-

over, note that
. ( nTt . ([ nTO . (nT® nro ) .
sin| — | = sin] — + na | = sin| — cos(nO()+ cos| — sm(nO()
2 2L 2L 2L

Thus, assuming d << L :

1 (L+2)/2 nrg, sm(n;fj nro nro
3 I d¢ sin[ L j = {sin( oL jcos(na) + COS(EJSin(nG )} Osin(na)

nTo
(L-8)/2 (2Lj

Note that this corresponds to a first order approximation of the original integral:

(L+8)/2 w+5
% JdE sin [ﬁj =— JdE sm[ nTé Ej Dlsin( nﬂwaja = sin(nO()

(L-3)/2 2w + 0 2w +

and finally:

\%%

W)=, zl Lo /T}sm( “"jsm(na)

odd n

If the external field ramp is stopped at time ¢, and the field is kept constant, the external voltage drops to
zero. In this case the induced currents start decaying. In order to prove this, we start noting that, since
the external voltage drop to zero for ¢ > ¢, the external voltage is time dependent and it can found multi-

plying v(§) by U( #; - ¢). Thus, the solution can be written as follows:
Lot
i(x,t) = f£d5£ dt K(x, &t — 1) v(E)U(t, - 1)

Therefore for ¢ > ¢, this equation gives

i(x, t) = %.L'dz]l dtK(x,&t-1)v(€) =
0 0
:EL'da jdt' K(x,& ') |v(E) =
Lo Loy
:EL'daK (x,&t)v jdEK - 1;)v(E)
L.

0
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These last two integrals are the same previously solved. Thus, we can evaluate directly them as follows:

i(x, t) = %Im Z n% {1 - e_t/Tn}sm(na j s1n(nc())1
n=1

w
odd n
nax ) .
—Im Z { (=) }sm( jsm(na))l =
w
oddn

4 S - . (nox) .
=—1 Z —2{ cu)it g t/T“}sm —= | sin(na)p,
™ w
odd n
Therefore, factorizing out the exponential, it can be seen that each component under the sum decays with

its corresponding time constant T,. Thus, the strand currents are given by:

i(x,t)= %Im i Lz(l—e_“”“)sin (na

x) . (-
jsm (na) e~/ Ip,
n=] I w

4. Convergence Analysis

The calculation of the function 'y may cause convergence difficulties, since the summation terms are
oscillating.

1 (nTt

=g T om o)

= £ i Atk;k( J [nT[(X - j M i )\kyk( Jz cOS[—nT[(X * E)j
2 n=1 2 n= L
e L (n L (n

= |9, Sl PR AN -9, . L IPR AN
4 2L 2L

It can be demonstrated {5} that the elliptic theta function 93 admit the following representation (where
the summation terms are non-oscillating):

l’lT[

S

n=-—oo n=-oo

Thus the function 'y admits the following alternative representation:
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-t

N t(ﬂf t(nf
rk(X,E;t):e4 193 T[XZ_;E e?\kyk L -9 nxz_';a e)\kyk L -

2 2
L— e t -e =
Ttt

n=-—oo

- A H 2 A +E 2
o kYk [ X6 _ kYk [ X+¢Q
yk —t [ nLJ —( nLj
= L— k e -e
')

n=-—oo

I't )\kyk[x E I’ILJZ —1't+Akyk[x+E_nLj2
f ka Z t _e)\k t 2

n=-—oo

du .
\/;.

t t It Ak (X—€ : ST MYk [(X+E :
rk*(X,E;t)z_[rk(X,E;T)dT=I4 kyk Z t [ 2 nLj )‘k+ T [ 2 nLj dt =
0 0

n=—o

F -19? )\kyk( -z HLT -19° +)\kyk(x+E_HLj2
k Yk J'de Z S —e M 6* L 2 =

n=-—oo

Ak Jt riz >\ka xX+E HLT
- Z / kaJ' Ak 2 2 / kaJ' A 92 2 46
0

n=—o

Moreover, for what concerns ' *, we get, after defining 0 = Jio = 2d8=

— ¢

Consider now the summation term:

r2 )\kyk Q2 {\/T v )\kaQ:|
{ kaJ‘ 40 = 5 L | ka —Z\Q\\/-rvkj‘ A 40

0

2 -
Defining y =0 | — — /= A Yy — |Q| = 0 :%1/)\—1‘ +\/YT)\—1‘+)\1(|Q|1/i we have that:
V r r r

de = \/I 1+
Jy +4|Q|\/—rvk

Therefore:

ot AV ‘Q‘

riz 7\ka Q? 7\ \/; t ,
kyk I e = 'k | y_ke_z‘Q‘m J' e_y 1+ y d
v T e,

— 00
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Defining the functions erf (x) = % I e_yzdy and erfc (x) =1 — erf (x), we have:
Tt

Jooo Ny oo
L |- A Ie N e de = —k LA ,/ Yic o 20w \/_erf( +— ka ——Tk Q| | +
2 ) 4 T 2

ot Ak
2 )\k t ‘Q‘ 2

__f ye we | ye ™!
0y + 4N -1y, 0 Y TN

Defining w? = y2 + 4|Q|\/— 1y = wdw = ydy we have:
k

X2 +4|Qly -1y

dy = 1 [ eV dw =

ye”
{ Jy? + 4oy, Vol
= @ [erf(\/Xz + 4|Q|ﬁ) - erf(\/mﬂ

Thus:

N RN
L |_ A Vi J‘e A, 02 Q do = LAy /_V_ke—z\Q\\/—rvk 1+ erf It /_)\ka |Q| +
5 8 r Ay t

2 T
_ M A erf{ /i + ka |Q|j]
Ax

_ LA Vk! Q- _ ZQ*/ierfc[\/i ka |Q|] zQJierf({\/i ka |Q|ﬂ

8 r

and finally:
L)\k [ Vk S —\x—z—an\m _2e—‘x+E—2nL‘1/—ryk +

— e“x—E—ZnLH—rVk erfe 1 |~ AYi |x — & —all |- e\x—E—ZnLN—ryk erfe It + /— A Yk ol |+
A Y R AYi [x+& oLl |4 el e (I A Y [x+& nL‘
)\k t 2 )\k t 2

Note that the first two terms are time-independent and, therefore, they represent the regime solution.

Thus:

x—§& L
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Mot (&) = M* (x, E: 00) + L)\k/ykz

R N Y L = AYi|x =& N S N B L [\ Yi N
4o xrE iy eI [= A Vi el e [ [= AV x+£_nL‘
Ak t )\k t 2

—nL —X_E—HL
2

+
x+&_

Note that the function * has two (unessential) singularity points for t — 0 and for t — +oo; in fact
erfc(—o0) — 2 and erfc(+) — 0.

5. Regime Solution

Note that since lim I, * (x, 1§ t) = 0 it’s possible to evaluate easily the regime value of [ *. In fact:

t"o
2 2
o g [ )
F*x,;w=I——kk e T —eM T dr =
) =[5 - S
0 n=-—o
B 2 2
;”+M(L‘E-HL) 2+M(L”E_HLJ
_L _)\kyki J‘exk T2 dT_J‘e)‘k T2 il =
4V m e VT g VT
I Akvk(x;z_nsz b (142 sz
ZL _)\kyk i . e t 2 _L e t 2
4 Tt S S )\7:. \/z s:)\—r \/?
—a /4t
Recalling that L © =\/7 ~as {6}, it follows:
Jt s
I AkaKX;E LJZ Akvk[x;E L)Z
r (xzoo)—L _)\kyki L e t L2 L e t L2 B
k > S 4 i = S:%r t S:;Tf \/?
o | =3 +&
_ L)\k y_k Z e—2 —1Yk XT—nL _e— Yy 5 -nL
4 r e

Since 0 <x <L and 0 < § <L, it’s simple to show that, separating the summation on the positive and
negative indexes, we have
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+e_2 ~1Yj E‘ _e-2 -1 "[Xzzj +ie \/Tvk[——nLj —ie m( _HLJ} _
n=1 ~
:I{\Tk\/g{e‘(x—i)mg(e—n — jn _e—(x+8)mg(e_2L — )n

T (L N T e—(x—z)mi(e-n Vi J“ _e—(x+z)mi(e-nm)“} -

n=1

- L)\_k _ y_k{COSh(X - E)\/_ryk - COSh(X + E),[—ryk ‘X E‘\/i —(x+& m }

-2 r L 2

where it has been used the fact that Z q" = % . Finally:

n=I — =1
q
" ] _ Vi e_‘x—f‘ Yy e‘(x+€)m sinh(x [ — 1Y, %lnh(ﬁ [_ ryk)
L (X,E, 00) = Lhy- T 4 - 2LV
e —

6. Non-linear Case

If the resistance of the strand is a known function of the current, i.e.

r; = #{i;(x, 1)), withj=1, ., N

the problem (P) can still reduced to a diagonal form. Assigning
p p
[M] = ;)\kbkblz [G] = ;ykbkbl{ [R] Zr €; e
k=- p—l) k=—p—l)
where e; denote the unit vectors of the Cartesian basis, we have (with k # 0):
62i

0= [G][M]— x t [G][R]l x t +§ X, t [G]V x t

:bk{ykxkg[bgi(x,t)]wk P [bgej][e;bh][bgi(x,t)pig[bgi(x,t)]_yk[bgv(x,t)]}

h—— p- 1 j=1

and the following system of N—1 equations (k = —(p—1), ...,—1, 1, ..., p) is obtained:
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K 0X

A % [bEi(x, t)] + yia—zz [bEi(x, t)] = [bEv(x, t)] - h:%—l){jil I, [bEe j][e}bh]}[bgi(x, t)]

(PY) {bli(x = 0,t) =bli(x =L,t)=0
bli(x,t =0) =bli0(x)

Nevertheless, the equations are still coupled since r; = r( (x t ) ( Z[ Tbh][bh x t ]J with j =1,
h=-(p-1)
.., N. Anyway, note that for k = 0, we get:

%22 [bgi(x, t)] =0

Tefo — T _ I()
bol(x =0, t) = bol(X =L, t) = _It\I
bli(x,t = 0)=bli0(x) = (\/=_O)

| )
—~
=+
N—

with the usual solution: b(T,i(X, t) = . Thus, the solution of problem (P) results to be:

7

Finally, in the particular case for which

r; = #(I(t)), withj=1, .., N

it’s still possible to solve exactly the problem (P). In fact, with the same symbols of §2:

n e ) s =)

dt Yi
Mot = 0) = b1l

-1t/ ’+7E2 ;1f ’ :+(—T)ﬂ'[2
= N (t) = (bgi(o))exiir(l(t )t Aktykm +Aijvn,k(T) e)\kl [ ;kykm .
ko

Thus the solution, formally, is unchanged, provided that the function 'y is defined as:
2
o L)+ ;(@j

- A 1 ALY, . (nx) . (nTg ) _

M (X, &t T) = Z e " ek s1n[Tj sm[—j =

L

IR Y HXZ_—LE,CM(ET o, nirE D)
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Therefore the Green matrixes are expresses by:

p p b
[ EtO ;r X, &, t,0)b by %, &,1,7)] ;rk x,&,t,1) kk
k= p 1 k= P ] k
k#0 k#0
and the solution of (P) can be written as:
. _ I(t) 2 f (0)
i) = 0b, +E£dé [K©)(x. £, .0)]i) +_jdzj(u [K(x.& ¢ -1, 1) v(E, 1)
7. Flux Ramp

In the particular case in which i(o)(x) has equal components and v(x, t) is given by:

v@ﬁ):{V*@l it 1<t

0, it t>t,

the solution of (P) can be written as:

6.0= b o2 a1 -De
that can be specialized in two cases:
D ot<t
oo -l )= o [ =0 +0)= - el
M t>t 0 0

Td&j dr [K(x, &t~ 1)] v(€. 1) = Tdatf dt [K(x, &t - 1)]v(E, 1) = ng{ jdy [K(x, £, tr)]J vE(E) =

Td[K* Et)lvee jdz[K* (x.& t=to)] v+ ()

thus, after same manipulation, we obtain:
I) t<tp
L
. It 2
o= ] et @

m  t>t
i(x1) = jﬁ)b“_jda[m (e v jdz[K* (6 t—t,)v* (E)

In particular, the last integral can be written as:
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2 ol (o=l 9= oty i)

and therefore:

)= OO 2 P ) () i)

N.B. In the particular case in which v* is a piecewise constant function, we get:

(with x; = 0 and xy+; = L) and where:
0,if x<a
U(x;a,b)=4L,if a<x<b
0,if x>b

We have:
I) t<tp

L), *
l(X’ t) - _bO + ZZ [K * *(X’ E Xmo Xm+1)] Vm

NS

H) t>1

o), M . :
1) = 2 b 23 e ]V~ 23Kt ]V

\/ﬁ m=1 m=1

where (for0<a<b<L):

m=1

p T P T
[K **(x, t;a,b)] = %J.bdﬁ [K*(x,&,t)] = J‘de M (x, & t) bbby _ ; My (x,t;a,b) b;bk
a - p—l)

a

1
L

ok b *
(ko ta,b) = - [dE (& 1)

From the definition, we get:
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(81 =M (x g e -t Z

_e_‘x_z_an‘\/_rVk erfe i _ _)\kYk _e\x—E—ZnLM—ryk erfe i + /_)\kyk N
)\k t )\k t
+ e_‘x+E—2nLH—rVk erfc i _ /_ )\kyk + e‘x+€—2nL‘merfc i + - )\kyk X + E B nL‘
Ay t A Vot 2

(o = Vi eIV _ (N sinh(x,/— Iy %inh({,/— Yy )
k (X, &; 00 ) LAy, [~ . 4 e |
e -

X__E_nL X__E_nL
2 2

+
x+&_ o

Therefore:
¥ feoa,b) = 48 (x.&n) =

jdm\/Tk{e - EF4 e Smh(xm)smh(ﬁm)}

Yk _ 1

Assuming s~ = (E - x)\/-ry, , s* = (E+x)/-ry, , s =& /-1y, andthus ds™ =ds* =ds = d& /-1y, ,

it result:
o M (0N A o e A 51nh(x1/—— Ve ) (o \
I . ="k -k S Ok 7 h
k (X, 00; a,b) " (a_x)me ds e (a+x)me ds* ) - am sin (s)ds
e\ T SN 5 = ()T
:)\—k{sgn(t_)[l -e } ﬂ +)\—k[e_S } o +
4r S_:(a_x)m 4r s+=(a+x)m
_)‘k Sinh( Xy ryk) 1Yk
ey ol
&=b E:b
- Z_k[sgn(z _ X)(l _ CEWH Y [e-(aﬂ)m] .
r g=a 4T £=a
_A sinh{x,/—r
bl 2
and finally ©:
&=b
E=x|y/ - —(g+x
Ay sgn( X)(l_ | m) o sinh(x,/—ryk )cosh(&/—ryk)
Fk (X,OO,a b)—— - =
r 4 CZL Yk -1
&=a

Regarding the transient term, it is:

©) Note that J gy = [sgn(u)(l —eM )]::g
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Mo (x,t;a,b) = Ty (x, 00, b) + 1/ yk Z IdE

e Ty R V74 . Sl Y | JRCLSEL S0P (P TS 7 S A
N OVt | 2 NVt | 2

ro PHEIU e el [T T AV Aii el E gl [Ty T AV MY x 8 _ HL‘
VR NVt | 2

Assuming w~ = (x =& =2nL)\/-ry, , w* =(x +&-2nL)/-ry, and thus —dw™ =dw" = d& /-1y, ,

+
x+&_ o

1t result:
Mo (x,t;a,b) = I (x, 0052, b) = 8—
(x—b—2nL),/—ryk _ )\k )\k
11 / 1/ + fe| |— +— 1/
{anm) _ dw {e er c( )\k ‘W e er C ‘
x+b-2nL),/-r —|lw* wt
+I( ) dew+ e erfc] i—l )\—ka' +¢e' lerfc i+l )\—kw+
(x+a—2nL)«/—ryk )\k It )\k rt

Substitution of the relations

u=gq
I u erfc( —Q|u|]du = sgn(u) erfc( ! j—e_uerfc( ! —Q|u|j+e ZQ erf Q|u|
0 2Q 2Q 2Q
u=0
u=q
I uerfc( 1 + Q|u|jdu =| —sgn(u) erfc[Lj - euerfc(L + Q|u|j ZQ erf Q|u|
0 2Q 2Q 2Q
u=0

(wWhere Q = %1{%‘) leads to:
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M (e, b) = 1y (xoemca,b) =

b o)
(M i)
et
g(w){f( JAEJ

Simplifying, it result:

.’SMS

1l
|
8

N /N
>
+ I
N | — R | —
>
2|2 = |2
< <
[ I
_
I +
¢ 1)

[ I
2= ESE
2 g

TN /N
>
g <
[ I
N—— N
e — |
g £ +
11
=
|
o
o
=
=
|
=

| I
—
><
m
N
=]
-
-~
Q
=

+

erfc]

—S
ZTA]
ol
Yk

+

erfc

7 N\
+
| =
2 ]2

Mo (x,t;a,b) =T, (x,00;a,b) =

=)§\g_1; _O‘Z_ lsgn ){ ‘W erfc( )\i %\/ﬁ‘w U—e_w—erfc[\/g—% %‘W_U+
w_:x -b- 2nL)\/r7vk

Al JH +

—-2nL «/ Yy
+ {sgn ){e erfc(

J—e ‘W erfc[
+2¢ Ak f(l\/ﬁw
1t

j}] x b- 2nL)1/ 1Y)
W+:(X
Substituting:

?\k

+

—a—2nL)1/—ryk
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I';* (x, t; a,b) = I';*(x, 00; a,b) +);—lr‘ Z

n=-o

[sgn(x—E —2nL){ [x =820t} rfc( LU ka — Tk x -E - 2nL|J
VA, 2
_nt

i L ye ! B R U TN 1Y x —&-2nL| |+ 2e Mverf L i 7Y x =& -2nL]| |+

A 2Vt 2\t
+sgn(x + & - 2nL){eX+E_2nL”_Wk erfc[ LU _}\—kYk|x +&- 2nL|] +

VA, 2V ¢

— e I HET2ILN Y erfc( /)\i - ; ka — Tk x + & - 2nL|j ¥2e M erf{2 1/ ka x +&- 2nL|j

K

Taking into account that for convergence regions it’s convenient to substitute erf = 1 — erfc, we get:

£=b

=a

t

Mo (x,t;a,b) = Ty (x, 000, b) + );—ke_Ak Z [sgn(x —&-2nL)+sgn(x +& - 2nL)]§z:
r
n=-oo
RIS
8r

n=-o

{sgn(x -&- 2nL){ [x=&2nLy =1y erfc{ + 1 _)\—kyk|x —-&- 2nL|j +
\ )\k 2 t
[ [ 1A o1 [
- e“X-E—ZnL\ Ik erfC{ )\i - 5 +Vk|x - E - ZHLU —-Je Ay erf({z kYk |X E 2nL|J
k

+sgn(x + & - 2nL){eX+E_2nL VT erfc[ /)\i +% _)\fkyﬂx +& - 2nL|J +
k

t

T
— g PxrE 2L v erfc( /)\i -% ——klk )\i(yk x+&- 2nL|] —2e¢ M erfc[% ——k ¥k )\i(yk x+&- 2nL|]
k

&=a

&=b

Breaking the first series in positive and negative terms, we have:

e _rt
)\—ke Ak senix —& —2nL ) + sgnix + & — 2nL Ebe)\—ke M [sen(x — &) + sen(x + Efb+

g 3 g § f=a g §)+sg Els=a
4r 4r

n=-c

- rt o)
+ );—ke Ak Z [Sgn(x -&- 2nL) + sgn(x +& - 2nL) + sgn(x -+ an) + sgn(x +E+ 2nL)]§§;’ _
r

n=1
It It

:);_l;e M [sgn(x —E)+1]§§§ :);_l;e E[sgn(x _E)ézg

Note that, beingn>1,0<x<Land0<¢<L,itresultx —&—-2nL <0,x+&—-2nL <0, x — & + 2nL >
0, x + & +2nL > 0 and thus the sign series is null. Substitution leads to:
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- o
Mo (x,t;a,b) =T, (x,00;a,b)+ );_k e M [sgn(x - E)]gz + Ax
r

[sgn(x -&- 2nL){eX_E_2nL VT erfc( /)\1 +% q\fkyﬂx -&- 2nL|J +
k

rt
— TR e L _)\—kyk|x -&-2nL||-2e Meerfo 1 _)\—kyk|x -&-2nL||f+
A 2Vt 2\t

+sgn(x + & —2nL Y el 2NV g LU _)\—kYk|X +&-2nL |+
N 2V
=y e 1 [-A
—o et et | L T AV x +&-2nL||-2e Meerfe — | —2kYic x +& - 2nL]|
AN 2V ¢ ABE
&=a

Note that the erfc functions in the series do not tend a 0, for increasing n, since the argument is negative
and decreasing. In order to improve the convergence the following substitution can be done: erfc(—x) = 1
—erf(—x) = 1 + erf(x) = 2 — erfc(x). The remaining series can be treated separately:

&=b

It

F;*(x, t;a,b) = F;*(x, oo;a,b) + );—ke_M[sgn(x - E) § .
r

o] E:b
- );—k Z [sgn(x -&- 2nL)e_‘X_E_2nL‘m +sgn(x + & - 2nL)e_X+E_2an}

n=-o £=a
AN~
8r

n=-o

{sgn(x -&- 2nL){eX_'E_2nL VT erfc( /)\i +% _)\fkykh —&- ZHLU +
k

rt
4o TR T gl RIS M|x—E—2nL| —2e Merf 1 _)\—kyk|x—E—2nL| +
AN 2V ¢ AR
+sgn(x + & —2nL Y el 2N o LU, _)\—kyk|x +&-2nL |+
N 2V ¢
= [ft 1 [-A (1 [-n
T erfc[— )\i + 5 —tkyk x +& - 2nL|j -2¢ M erfc[z —tkyk x + &~ 2nL|j
K

In fact:

+
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- );_k Z [sgn(x -& - 2nL)e‘\X-E-2nL\m + Sgn(x +E- an)e—x+§—2anJ _
r

n=-o

- e g gl ] A S

4r

[sgn(x -&- 2nL)e_‘X_E_2nL‘ e tosgn(x + & - 2nL)e_‘X+E_2nL‘ VT 4

+ sgn(x - E + ZnL)e_‘X—E+2nL‘m + SgIl(X + E + an)e—x+E+2an:| -

_ M T S VR (R NS
D
[_e(x—z-an)W _ Qe+ -y +e-(x—z+an)m + o (rEramL) -y J _

=—);—k[sgn(x—5) oty o) _ryk} Z ~2nLy -1y,

r

[_ N A R N A e e—(x+z)ﬁ} _

=M Ix=gy-ve (- kj|_)\_k 1
4r [Sgn(x e 4r U

[— 2e™ cosh(qu— 1Yy )+ 2e 7 cosh(Em)} =
_ _A_k[sgn(x T b Ay sinh{ey/= v, JooshlEy=rv, )
4r

2L,/ -
r e ¥k -1

Therefore, finally:

F;* (x, t;a, b) = F;* (x, 0;a, b) +
&=b

It .
—)\—ks ( _ x-E e _ L AL _)\_k ~(x+E) vy )\_k smh(x,/— Yy )cosh(qu— ryk)
gn(x —§) e e e + +
4r 4r r e (|
&=a

N );_l;n;m [Sgn(x _E- ZHL){GX—E—an\/—m{ erfc[ /% +% _)‘%Vﬂx -&- 2nL|J +
= M1 [-A o1 A
+ o IXTEm 2Ly erf{_ )\1 + 5 —:yk |X -&- 2nL|J —2¢ M erfc[a +Vk|x -&- 2nL|J +
k

+sgn(x + & - 2nL){eX+E_2nL VT erfc( /)\i +% _)\fkylﬂx +& - ZHLU +
k

It
+ o X HE2ILN erfc(— f}\i +% _)\fkyﬂx +& - 2nL|j —2¢ M erfc(% _)\fkyﬂx +& - 2nL|j}
k

£=b

&=a
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In the particular case in which r — 0, it’s possible to specialize the form of I'* and of I ** as follow:

8. Perfect Conductor Case (r = 0)

- s o T8 o mler e _sinh(x,/—ryk %inh({,/—ryk)
M (x, & 00) = LA~ . Z

2L/~
e Ve —q

_ Xy~ Y & 1Yy

r;OLAk\/E{l ~x &= ;1 +(x+ g -1y,
= —L)\kyk{(x + 6)4— [x -~ ¢ _%}
Thus:
Mot (x, &) = - LA;yk {(x + a)z—lx - _ xfz}
Moreover:
Ms (x, & 1) = T (x, & o) = L)‘k vk Z

[_e—x—z—anﬂ/—rykerfC[ It /_)\kYk

V)‘k t

+ e_‘X‘FE—ZHL‘ﬂ_I‘yk erf({ i _ _)\kyk
V)‘k Vot

1+2L/-r1y, —1

—nL

x-&
2

|

+
x+&_ o

— elx e 2nLi v erfc[ /
J 4 elx e 2Ly erfc{ /

|

ka

kyk

thus

Mo (x, &) - Mes(x, & )HOL)‘k Vk z

(1+|X & —2nLl\/~ ry, 1+erf[\/ﬁx2E nL]—%eMyl{(?“LJZ % .
(—1—|x—z—2nL|W 1—erf(\/£xT—E_HL‘ _%ehktvk(x;z_@)z\/g .
R NN 1+erfwﬂx;€ LD%(E 3 =),
w1+ x + & - 2Ly =1y l_erf[\/ﬂx;g Lu_%exktyk[x;e Lf %
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LA >
[ S
|:|x -&- 2nL| erl{1 ,—7\71(\/1( XT_E - nLD - |x +&- 2nL| erf{wf_)\fkyk
2

MYk [X—_E—nL) MYk [X—%—nLT
+i ; e ! 2 —e ! 2
Jm V =AYk

and finally:

X+
2

—nL

J+

[oe]

r-0
rk>X< (Xaz;t)_rk* (X,E’oo) = _% Z

n=-o

|:|x -&- 2nL| erf{% _)\fkyﬂx -&- ZHLU - |X +&- 2nL| erf{% _)\fkykh +& - ZULU +

MEJL) M[JL)
L2 / t o t L2 e t U2
JEV = Ay

Note that while for the last term of this series the convergence is assured for n — oo, the sum of the first

two terms is semi-convergent since goes to +2¢ for n — oo, In order to improve the convergence for n
— oo the following the operations are performed:

1° the substitution erf(x) = 1 — erfc(x)
2° the separation of the series from — o to +oo in two series (changing sign to the negative n):

M (& 1) - T (%, & w)r;o—% an —&-2nL|-|x +& - 2nL|] - _LVZM Z

n=-—o n=-—0o

- |x -&- 2nL| erfc[; ka |x -&- 2nL|J + |x +& - 2r1L| erfc{1 — )\é‘yk |x +& - 2nL|J]

A 2 A 2
LVk)\k i { kyk 5 E nL _ektw[xzhz_nLj
Jm ‘7\ka

n=-oo

n=1

Ly)\ 1 Y Y
R R P S| B FR T B
e ) E N et
n=1

- Lk, {|x g~ |+ g + inx—E—2nL|—|x+E—2nL|+|x—E+2nL|—|x+E+2nL|]}+
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|x & — 2nL| erfc[ )\kyk |x & - 2nL|J + |x +& - 2nL| erfc{1 )\kYk |x +& - 2nL|J]

2 2
® |: )\ka nL M(X*'E_HLJ

Lyk)\k ¢ (2
Z \/_ _)‘kYk

—-e
Note that, beingn>1,0<x<Land0<&<Litresultx - —-2nL<0,x+&—-2nL <0,x — &+ 2nL >
0, x + & + 2nL > 0 and thus the first series is null. Moreover, the separation of the last series, evidencing
the zero-th order terms e simplifying, gives:

r-0

Mot (&) - T (x, & ) =
s g R g 2 LT
_|X+E|erf[% _A%M“E'J_% —Atkvk;ktykxzE }+
LVZA“Z{ |X‘5+2“L|erf0[ kyk — K x - E+2nL|] T\/E *“L .\
*|x + &+ 2nlferfe 2W|X+E+2nL| %mekkyk(x;zmq +
- &= antferid [P -+ 2 JTV (]
+|x+§-2nL|erfc%\/ﬁh_‘_z_znq _%memtvk[x;a_mj

It’s now possible to eliminate all the modules thanks to the symmetry of the erf function and being n > 1,
0<x<Land0<¢&<L,sothatitresultx —&-2nL<0,x+&-2nL<0,x—-&+2nL>0,x + &+ 2nL >
Oex+&>0:
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r-0

M (&) - T*(x, &) =

4 {(x E)erf(z . ] In —7\ka

+8)er ka <+ Ea 7y
~(x +¢) f( a] f'/—xkvk

X+

AkYi X—E+nL2
Lyl;)\k ;l: x—E+2nL)erfc(2 )\kyk x—E+2nLJ f ka t [2 j +
N E) y / fy
+(x + & + 2nL )erfc| — k Tk +E+2nL] —
( ) 2 b Jn ‘7\ka
AkYi (X=€
Y= ()
+(x —& - 2nL)erfc| ——,[—&(x —& - 2nL) | + tA2 +
(x =& - 2nL)erfc 5 . (x —&-2nL) \/ﬁ _)\kvke
AkYic [ x+& ’
1 [=Ay 2 t ( ‘“L]
—(x + & - 2nL)erfe| - — | —< (x + £ - 2nL) | - = | t 2
(x + & - 2nL)erfc 5 X (x +&-2nL) In _)\kyke

1

Regarding [ **, from the definition it result:
kK b *
r (s ta,b) = - [E T (x,2.)
L Ja

thus ), assigning o = (£ - x) and do = d&,, it result:

. 2 2 870 y
iy (xrab) = - 2ok {[(M) _XE} i )|0|d0}

2 4 oL |, 2%

and finally:

4 2

o (cooia,b) = — 2V {(X +&)* —sgn(€ - x)(x - &)’

for what concerns the transient term, assigning  (_

W, :%‘/_)\fkyk(exx+£+eL2nL) with 8,,0;, =0, £1 and — dw_ = dw

=q

2\ 4"
“Note that J? lu/du = {sgn(u)(%ﬂ

=0
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. = — AV ——%d& it result:
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-0
M (s, ta,b) — 1" (x, 0058, b) =

b_
Yihk 2t ~(w.
- w_ erf )doo +— e do_ +
4 {Vﬁ\k I NGNS I

b,

4t j (e, ) dw,

YiAk

2t

\/_ka

+

j w, erf(w, )dow, +

o b_
_MZ{ jw erfe(0o_ ) dw_ P22 j ) ge_ +
1

4 = Vi \/_ YA g
4t b 2t by (o)
- w, erfc(w, )dw, + e\ dw, +
YAk i ( ) \/_ T YAk I
b_ b_
4t (o)
+ w_ erfclo_ )dw. —— e dow_ +
YAk J: ( ) \/E yk)‘k aJ:
a B e (@, )
+ w, erfelw, )dw, —— e ) dw,
YAk i ( ) VT YAk i
where
UMY oy w2 [T A
- =3 . (x a), b_ 5 5 (X b),
~ 1=y I R il 9 "
+ =3 . (x+a),bJr 5 5 (x+b)

Simplifying e taking into account the relations

u=q
2I0querf du +—I W du = H jerf(u)"‘%e uz}

u=0

—u? 1 u e
2 uerfc du - Ydu = [uz +—jerfc(u) -—e" }
J‘ \/_J‘ { 2 \/-’__[ u=0

we get:
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I';*(x,t;a,b)—l'* (x 0; a, b)

(08 + ot )+ 2?10 « Tt Soce? |
SR8 ;Jerfc(w_)—%e*w—fﬁ | (07 # ] o) - (@ :

n=1

[t e -]

and finally:

N |

NI'—P

r-0

FE* (x, t; a,b) - FE* (x, 0; a,b) =

_ AkYi
1 Yo 3 - [
A E —A Wi | e
+(1—§—\t/k(x+ﬁ)2 ]erf[?/—fyk (x+E)j+,/—Tll‘tyk (x +&)e } g2

g=a "

Ak 2
—&+2nL
{—(I—Akyk (x E+2nL) jerfc[ A )\kyk( —£+2nL)J+,/M(X E+2nL)e 4t Tt ) +
2t 2 t Tt
ALY 1 _)\kyk ~AYi Al onL )
—|1-2KE (x + £+ 2nL) lerfc| — (x +&+2nL) [+ | —<TK (x + E+2nL)e * +
2t 2 Tt
A 2
- - —XX(x-&-2nL
+ 1_)\ka (x =&-2nL)* lerfc —11/ )\kyk (x-¢- 2nL)j 1/M(x—E—ZnL)e ' ) +
2t 2 Tt
Ak , 570
- +&-2nL
+ I—A;Zk (x+E 2nL) erfc —%1/ }\i‘yk (x+o§—2nL)J+1/—)\Tll‘tyk (x+E 2nL)e at b )
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APPENDIX A — FORCED CURRENT DISTRIBUTION IN A 3-STRAND CABLE

Consider, as shown in the figure, a 3-strand cable with an insulated input strand. Moreover, assume that
the flowing current is equally distributed on the two input strand and on the three output strands.

o —e —» I(t)/3
I(t)2 —» o— —e —» I(t)/3
I(t)/2 —» &— —e —» I(1)/3

The longitudinal resistance (r) ant the external voltage (v) are assumed to be zero. Consequently, the cur-
rents flowing in the 3-strand cable are described by the following system:

GIMI 2 (6 1)+ 4 ,0) =0

(x,t-o)zo ]
F di,vQ
( ) il(XZO,t):O, iZ(XZOat):i3(X:O’t):? and1, v

k= L) =ik = L) =iy (= L) = _t)

with 1(0) = 0 and where [M] and [G] are the following constant-coefficient circulant symmetric ma-
trixes:

mp; my, My =281, g12 g12
[M] =|mp my; mp [G] =l 812 —-2g, g12
mp; mp; my g12 g2 —-2g,

Defining the orthonormal spectral basis by, with k =1, 0, —1, that it’s the same for [M] and [G]:

1 : 2 : 1 0
b, =—11 b =\/:—1/2 b, =—<1
0 3 1 1 3 -1/2 1 V2 -1
the matrixes [M] and [G] can be written as
[M] = Agbgbg +Abb! +A_b_bT, [G] = yobobg +y;bb] +y_b_bT,

with eigenvalues given by

Ap =my; +2my, Yo =0

A=A =my —my, Yi = Y- =738

Decomposing i as follows
i(x,t) = no(x, tho + 1, (x, o, +n_y(x, thb_,
Problem (P) is simply divided in the following three problems:

02
axr]ZO (X’ t) =0

(Po) 1) )
ﬂO(X,t—O):O, rIO(X_Oﬂt):_?)’ r]O(X:L,t):_3
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i S )+ S ) =0
t ox
N (x,t=0)=0, nl(x=0,t)=—%, n(x=L,t)=0
Problems (Py) and (P-;) have the simple solutions
I{t
(.= 1) =0

While problem (P;) requires a different approach. Defining

Blx. 1) = nl(x,t)+%(1 _zJ

L
gives
2 9%¢ _
oo I 200+ 2 ) =yt
n(xt=0)=0, n(x=0,t)=0, n(x=L,t)=0
which has been already treated and gives (having defined u(x, t) =)\ % (l - %) where the prime de-

notes differentiation with respect to the argument)
Lt
2 u(E, T)
=—|d§| dt—=T -
o(x, 1) L! z! s (x, & t-1)

Thus

and the currents are

i(x,t)=%b0 +!—%(1—%j+%jdzjdr%(1—3rl(x,z,t —r)]b1

In particular, for a current ramp

0,if t<0 0,if t<0
1(t) =<0t/ ty,if 0<t<t, = I(t)=41,/ty,if 0<t<t,
Lo, if  t>t, 0,if t>t,

this becomes
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0, if t<0

L
. 2 * .
i(x,t) = %bo {—a—;(l—%j+%f‘£dé[l—%jrl (X,E,t)}bl, if 0<t<t,

where a = Iy/t) is the ramp rate.

L
o[ o

0)}}bl,if t>t,

APPENDIX B — 3-STRAND CABLE EXCITED AS IN THE KREMPASKY-SCHMIDT CASE

Consider a 3-strand cable with the conditions:
1. I(t)=0;

r=0,

even number of periods,

i%x)=0,

A

Hypotheses 3 and 5 lead to write:

V(E):%U(E_ g)U(%_'_g_z) +1 =¢/6\/EU(E—%—§ L o

time-independent excitation spatially bounded to an interval in the center of the cable.

)U(E + 5 —&b_; =v_(§)b_,

Consequently, the currents flowing in the 3-strand cable are described by the following system:

di 3% _
(P) [G][M] a (X’ t) + ax_2 (X’ t) - [G]V(X)
i(x,t =0)=i(x =0,t)=i(x =L,t)=0
Decomposing i as follows
i(x, t) = o (x, thog +ny(x, by +n_y(x,

Problem (P) is simply divided in the following three problems:

9’n _
(Po) 6x20 (0)=0
r]O(x,t =0): r]O(x =0,t)= r]O(x =L,t)=0
on;, azm _
AN — — =0
(Pl) yl 1 at (X’ t)+ aXZ (X’ t)

n(x,t=0)=n,(x=0,t)=n,(x =L,t)=0
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0 0%n_
(P—l) y 1)\—1 gtl (X’ t)+ 6221 (X’ t) = y-lv-l(x)

No(t=0)=n_(x=0,t)=n_(x=L,t)=0
Problems (Py) and (P) have the simple solutions
No(x.t) =0 i (x,t) =0
While problem (P-;) can be solved as usual. Note that the currents becomes

i(x, t) = I']_l(X, t)b_1 = il(x, t) =0, 1, (x, t) = -l (x, t)

Thus, since
L
21 2 Vai(8)
Ny L-([dE § M (x.&1)
The current i, is given by
. (L+3)/2 .
_1 CD CD ook . L - 6 L + 6
jda (x,&,t) = o, jdar (x,&,t) = 6}\1F_1(x,t,—2 = j

8)/2

By using the same notation of Krempasky-Schmldt (but note that the numerical values are different
since the eigenvalues for the 3-strand case are different from the 2-strand case) he same solution can be
obtained:

and finally
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