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Abstract — Determination of current ripple in three-phase
PWM voltage source inverters (VSI) is important for both de-
sign and control purposes, since this is the most popular conver-
sion topology for energy conversion systems. In this paper the
complete analysis of the peak-to-peak current ripple distribution
over a fundamental period is given for three-phase VSIs. In par-
ticular, peak-to-peak current ripple amplitude is analytically
determined as a function of the modulation index. Minimum,
maximum, and average values are also emphasized. Although
the reference is made to continuous symmetric PWM, being the
most simple and effective solution to minimize the current rip-
ple, the analysis could be easily extended to either discontinuous
or unsymmetrical modulation, both carrier-based and space vec-
tor PWM. The analytical developments for all the different sub-
cases are verified by numerical simulations.

L INTRODUCTION

Three-phase voltage source inverters (VSIs) are widely
utilized in ac motor drives, controlled rectifiers, and in gen-
eral grid-connected applications as a means of dc-ac power
conversion devices. Most of VSI applications employ carrier-
based PWM (CB-PWM) control schemes due to their
simplicity of implementation, both in analog and digital ways,
fixed switching frequency and well defined harmonic spec-
trum characteristics [1]. Furthermore, switching losses are
easier to control with constant switching frequency, and the
inverter design can take advantage of an accurate losses
calculation. Different types of CB-PWM and space vector
PWM (SV-PWM) are investigated and optimal solutions are
proposed with reference to reducing the current ripple and
switching losses [2]-[4]. It should be underlined here that CB-
PWM leads to equivalent switching patterns as SV-PWM by
proper zero-sequence modulating signal injection [5].

A complete analysis of three-phase PWM converter system
addressed switching losses, dc link harmonics, and inverter
input/output harmonics is given by [6]. It has been shown that
reduction of the output current harmonics in case of continu-
ous PWM can be achieved by proper zero-sequence signal
injection. A further reduction of the rms value of the current
ripple is possible in some cases by development of dis-
continuous PWM schemes, which allow increasing the carrier
frequency while maintaining the switching losses as same as
continuous PWM. In the case of a loss minimization, two
cases are observed in [7], which correspond to the continuous
and to the discontinuous modulation as can be seen by
comparing the dependencies of the normalized harmonic
power losses on the converters modulation index.

An analytical approach for the analysis of current ripple in
SV-PWM controlled induction motor drives has been pre-

sented in [8], where is proposed optimal SVM technique with
calculation of the duty-cycles of the two zero voltage vectors,
and then the switching pattern of the optimal SVM technique.

Newer studies on output current ripple rms in multiphase
drives are presented in [9], [10], where a five-phase system is
considered. Due to existence of more planes (two 2-D planes
for five-phase systems), the concept of harmonic flux is used
to mitigate initially the dependencies on the equivalent
inductances in each plane, where current ripple occurs. In
[11] an attempt to evaluate the output current ripple of a five-
phase inverter has been reported, but only a single adjacent
polygon connection has been encompassed by the analysis.
As a consequence, flux harmonic distortion factor (HDF) val-
ues and squared rms current ripple values are only part of the
complete solution rather than the total HDF and total squared
rms current ripple.

Analysis of current ripple in a sub-period is given in [12],
[13], as the error volt-second quantities which are the errors
between instantaneous applied and reference voltage vectors.
Of interest was to study the current ripple rms over a sub-pe-
riod and to utilize this knowledge to design hybrid PWM
techniques, which reduces the line current distortion. Current
ripple rms is also analyzed in [14], for three-phase inverted
feeding passive load. The analysis are conducted on one
switching period and of interest was to derive rms value of
output current ripple as function of modulation index.

The importance of current ripple amplitude (peak-to-peak)
is recognized in [15], where ripple is analyzed by introducing
Thévenin equivalent circuit of the 8 different voltage vectors.
In general, the evaluation of current ripple allows adjusting
the switching frequency for certain ripple requirements. As an
example, the knowledge of current ripple distribution over a
fundamental period can be useful to determine multiple zero-
crossing intervals of output current, in order to evaluate the
modified output voltage distortion introduced by dead-times
for high ripple currents [16]. Furthermore, on the basis of
both current ripple and fundamental current component am-
plitudes, maximum instantaneous peak current can be deter-
mined, allowing a proper setup of thresholds and protection
circuitries, with the possibility of a more detailed design of
current-limited power components.

In this paper the complete analysis of peak-to-peak output
current ripple is further developed for three-phase PWM
inverters, with reference to continuous symmetric PWM, ei-
ther carrier-based or space vector PWM. Detailed analytical
expressions of peak-to-peak current ripple distribution over a
fundamental period are given as function of the modulation
index. In addition, maximum and minimum of the peak-to-
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peak current ripple are evaluated by introducing simplified
and effective expressions. Although the instantaneous current
ripple is defined for both grid connected applications and ac
motor drives, the analysis can be applied to passive loads as
well. All the analytical developments are verified by numeri-
cal simulations on a realistic circuit model, implemented by
the Simulink tool of Matlab.

II.  EVALUATION OF PEAK-TO-PEAK CURRENT RIPPLE
AMPLITUDE
A. Load model and current ripple definitions

Basic voltage equation for inverter supplying a motor or
connected to grid, as summarized in Fig. 1, can be written for
each phase as

. di
v(t)=Rl(t)+L7;+vg(t). (1)

Eq. (1) can be averaged over the switching period T lead-
ing to

BT = RIT) + 22 47,1, @)
being Ai = i(T}) — i(0). 3)

The alternating component of inverter voltage can be writ-
ten by introducing the average over the switching period as

V() =v(t)-(T,). “)
By introducing (1) and (2) in (4) leads to
v =Rlo-i, )]+L[%—ﬂ+ bl ®

N

The first and the third (last) term in (5) can be usually
neglected leading to

soy=r| 4N
v(t)—LLh T} (6)

The current variation in the sub-period [0 — ], also depicted
in Fig. 2, can be calculated from (6) as

t
1~ t
Ai(t) = — [ ()i + 4. 7
(0 7 V() T i (7
0
Eq. (7) allows to define the instantaneous current ripple as
t
~ t 1
it=Ait——Ai=—Itht. 8
(1) = Ai(r) T ) (0 (®)
Finally, the peak-to-peak current ripple can be defined as
Ty = max{i (1)} minff (1)} ©)
i K L

W W—l
@ (1)
. |

Fig. 1. Basic circuit model for one phase.

v(t)

B. Space vector PWM equations

The SV-PWM of three-phase inverters is based on the
determination of application times of active and null inverter
voltage vectors v in every switching period 7. In case of
symmetric SV-PWM, the sequence is determined in 7,/2 and
symmetrically repeated in the next half switching period. By
equally sharing the application time of the null voltage vector
between the switch configurations 000 and 111, the so called
“centered” switching pattern is realized and nearly-optimal
modulation able to minimize the RMS of current ripple is ob-
tained [8]. As result of the SV-PWM, for each phase, the
average of the inverter output voltage v(7,) corresponds to
the reference voltage v'".

In the case of sinusoidal balanced output voltages supply-
ing a balanced load, the reference output voltage vector is v
=m V4 exp(j¥), being m the modulation index and V. the dc
bus voltage, m = V'/V,.. Reference is made to Fig. 3. In this
case, SV modulation is quarter-wave symmetric, so it can be
analyzed in the range [0, 90°] of the phase angle 0 = wr. In
particular, the two ranges 0 < ¥ < 60°, and 60° < ¥ < 90°can
be considered.

In the range 0 < < 60°, the application times are

f = mﬁ%sm(so" —v), (10)
zzzmﬁ%sinﬁ, (11)
1 ¥ (1)
V(t) ;r v ?
Yz / —I,,Zr )
A t
i(?) 7Z>
t ol - Ai
Al(t)w t/TSAl:: % ol »
t

0 t T,
Fig. 2. Details of generic output voltage and current in the switching period.

010 110

001 101

Fig. 3. Space vector diagram of inverter output voltage with six sectors
and the three identified triangles. Dashed circles represent m = 1/6, 1/3, 1/2.
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Fig. 4. Output voltage and current ripple in one switching period
(0<0<60°0<mcos®<1/3).

TS

t0 =T—2S—(t1 +15) =7[1—\/§msin(60°+ 1‘})] (12)
In the range 60° < ¥ < 90°, the application times are

tl =m\/§%sin(l20° -9), (13)

) =m\/§%sin(ﬂ—60°), (14)

to=%—(t1+t2)=125[1—\/§msin1“}], (15)

Note that the modulation limit is m < m.= 1/\3, accord-
ing to the generalized expression given in [17] for n phases,
Minax = [2 cos (1/2m)] ™.

C. Ripple evaluation

Due to the symmetry among the three phases in the consid-
ered case of sinusoidal balanced currents, only the first phase
is examined in the following analysis. In terms of space vec-
tors, the variables of the first phase are given by the projec-
tion of the corresponding space vectors on the real axes. In
particular, the average output voltage is given by

V() =v =Re{v }=V"cos® =V, mcos¥. (16)

By introducing (16) in (4), the alternative component of in-
verter output voltage of the first phase can be written as

V(t)z[Sl—%(Sl+Sz+S3)}Vdc—deccosﬁ, (17
being S, = [0, 1] the switch state of the £-th inverter leg. In or-
der to evaluate the current ripple in the whole phase angle

range 0 < ¥ < 90°, the three different triangles depicted in
Fig. 3 must be separately considered.

1) Evaluation in the range 0 < < 60°

Considering the first sector of the hexagon, 0 <O < 60°, we
can distinguish two different cases, when 0 < m cos® < 1/3
and m cos® > 1/3, corresponding to the two colored triangular
regions in Fig. 3.

v (t) A

mVg.cosd

v

t/2i P hoit/2

;<-————————; -——<——-" max
/

/ t
___x ——i——d min

Fig. 5. Output voltage and current ripple in one switching period
(0<9<60° m cost > 1/3).

[0

v

For modulation index 0 < m cos® < 1/3, the current ripple
i and its peak-to-peak value ?pp are depicted in Fig. 4, to-
gether with the instantaneous output voltage v(f). According
to Fig. 4, Zyp can be evaluated by (8), (9), and (17), consider-

ing application interval #, (light blue area in Fig. 3), leading to

(18)

The case of 1/3 < m cos® < 1N3 is depicted in Fig. 5. In

this case i,, can be evaluated considering the application

intervals #,/2 and ¢, (yellow area in Fig. 3), leading to

Z,p = %{Vdcm cos® to}.

ipp =%{Vdcm cos6%+(Vdcm cosO— V;"] tz} .

(19)

For both cases (18) and (19), introducing the expressions
for application intervals #/2 and &, (11) and (12), peak-to-
peak current ripple can be written as
= VdcT K
i, =—“r(m"),

Pp 2L ( )
being r(m,¥) the normalized peak-to-peak current ripple
amplitude given by

(20)

r(m,0) = mcos® [1—x/§msin(13+ 60°)], 0<mcos® S% (21)
r(m,0) = m{cosﬁ [l—ﬁm sin(ﬁ+60°)] +
. 1 1 1
+2ﬁszn1‘)[mcos1f}——j X —<mcos¥<— (22)
3 3 N

2) Evaluation in the range 60° < ¥ < 90°

Considering the third triangle depicted in Fig. 3, (green
area), 60° < ¥ < 90°, the peak-to-peak current ripple ampli-
tude can be determined considering the application intervals
ty/2 and t, for all modulation indexes, according to Fig. 6.
Introducing (17) in (8) and (9) leads to

Ipp =%{Vdcmcosﬁ%o+{Vdcmcos1‘}+§Vdc}t2}. (23)
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Considering the expressions for application intervals ¢, and
t,, (14) and (15), normalized current ripple amplitude is

r(m,9) = m{isinﬁ— 3mcos? 1‘}} . (24)

5

D. Peak-to-peak current ripple diagrams

In order to show the behaviour of the peak-to-peak current
ripple amplitude in the fundamental period for all the possible
cases, in Figs. 7 and 8 is represented the normalized function r
(m,9) defined by (20). Fig. 7. shows r () for m = 1/6, 1/3,
and 1/2, corresponding to the dashed circles in Fig. 3. Since
symmetric PWM modulation is considered, ripple is symmet-
ric as well, so the ripple envelope corresponds to the half of
?pp . The two regions (0 < ¥ < 60° and 60° < ¥ < 90°) can be
distinguished for m = 1/6 and 1/3. All the three regions are
visible for m = 1/2, according to Fig. 3.

Fig. 8 shows the colored map of » (m,9) in 1% quadrant
within the modulation limits. The ripple amplitude is almost
proportional to m in the neighbourhoods of m = 0. It can be
identified a phase angle with minimum ripple, that is ¥ =
50°+60°, and a phase angle with maximum ripple, that is ¢ =
90°. These aspects are developed in the following.

E.  Maximum and minimum of the current ripple

In order to estimate current ripple amplitude in the whole
fundamental period, the maximum and the minimum of the
current ripple can be evaluated. For this purpose, four relevant
points can be noticed in Figs. 7 and 8, as mentioned above:
two local maxima, for 9= 0 and for O = 90°, and two local
minima for ¥ = 60° and for m cos® = 1/3, i.e., around 3 = 50°.

To determine the local maxima, it can be set O = 0 in (21),
and O = 90° in (24), leading to the following global maximum

max _ _i L
r (m) = max {m[l 5 m}, ﬁ m}

The intersection between the two local maxima gives the
border value of modulation index

m{l—im} —Lm
2 V3

leading to m = 0.282. Finally, combining (25) and (26), the

(25)

(26)

0.5
7

04r

03r

0.2 /
oal . m=1/3
m=1/6

% 20 40 60 gp U

Fig. 7. Normalized peak-to-peak current ripple amplitude 7(m,9) for three
modulation indexes, m = 1/6, 1/3, and 1/2, in the phase angle range [0, 90°].
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Fig. 6. Output voltage and current ripple in one switching period
(60° <0 <90°).

maximum of normalized current ripple is

m[l —Em} for m<0.282,

rmax(m) —

| 27)

Em

In order to determine the local minima, it is set O = 60° in
either (21) or (24), and m cos®d = 1/3 in (21). The expression
for the global minimum of normalized current ripple is

=i o2 2 1)

The intersection between the two local minima gives the
border value of modulation index

m l—im zl 1—1/3m2—l ,
2 4 6 3

leading to m = 0.479. Finally, combining (28) and (29) the
minimum of normalized current ripple is

for m>0.282.

(28)

(29)

m l—ém for m<0.479,
i 2 4
rmm (m) — 1 1 _ (30)
—{1— 3m*——|  form>0.479.
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Fig. 8. Map of the normalized peak-to-peak current ripple amplitude #(m,9).
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Fig. 9. Maximum and minimum of normalized peak-to-peak current ripple
amplitude as function of modulation index.

The composition of the two local minima and maxima are
given in Fig. 9, leading to global maximum and minimum.
The white dots represent the specific points for m = 1/6, 1/3,
and 1/2, displayed in Fig. 7 and further examined in simula-
tions. It can be noted that the maximum function is almost lin-
ear for every modulation index, strictly for m > 0.282. Then,
on the basis of (20) and (27), a simplified expression for maxi-
mum of peak-to-peak current ripple amplitude is obtained

max VdcTs
1 =—F—m.
174 2«/§L

In [16] this property was recognized and a simplified ex-
pression similar to (31) was introduced in the analytical
developments to evaluate the current ripple.

(€2))

III. NUMERICAL RESULTS

In order to verify the theoretical developments shown in
previous sections, circuit simulations are carried out by Sim-
PowerSystems of Matlab considering three-phase inverter
connected to sinusoidal voltage sources by RL impedance,
having R = 0.2 Q and L = 3 mH. This topology could repre-
sent a general three-phase inverter connected to either motor
or grid. In all simulations the fundamental frequency is set to
50Hz, the switching frequency 1/7; is 2.1 kHz, and the dc
voltage supply V, is 200V. A continuous symmetrical car-
rier-based PWM technique is considered, equivalent to the
space vector PWM presented in Section II. B.

~ A

(
e
=
—
=
—_—
_
—
——

Fig. 10. Current ripple (m = 1/6): simulation results (blue) and evaluated peak-
to-peak amplitude (red envelope) for one fundamental period, with details.

The instantaneous current ripple i in simulations is calcu-
lated as the difference between the instantaneous current and
its fundamental component, i.e.

TO= i)~ g (0) - (32)
The three-phase system is well balanced and 1% phase is se-

lected for further analysis, as in analytical approach. Different
values of m are investigated (1/6, 1/3, 1/2), as in Section II.

In Figs. 10, 12, and 14 the current ripple 7 calculated in
simulations by (32) (blue trace) is compared with the half of
peak-to-peak current ripple,zzp/ 2, evaluated in the different
regions by the equations presented in Section II (red trace),
for one fundamental period. Each figure is backed with the
enlarged detailed view of ripple.

In Figs. 11, 13, and 15 is depicted the instantaneous output
current with the calculated upper/lower ripple envelope, de-
picted in blue/red colors, respectively. To better compare the
current waveforms, the fundamental current amplitude is kept
constant by adjusting the amplitude of the sinusoidal voltage
source (grid).

The agreement is good in the whole fundamental period for
all the three considered cases, covering all the colored areas
of Fig. 3, providing the effectiveness of the proposed method
for calculating the peak-to-peak current ripple amplitude.

IV. CONCLUSION

In this paper the instantaneous output current ripple in
three-phase PWM inverters has been identified and analyzed
in details. In particular, the analytical expression of peak-to-
peak current ripple amplitude has been derived in the whole
fundamental period as function of the modulation index by
identifying three different relevant cases.

Furthermore, simplified expressions to evaluate maximum
and minimum current ripple amplitude in the fundamental pe-
riod are given. In particular, it has been pointed out that maxi-
mum peak-to-peak current ripple amplitude is almost linear
function of modulation index. All analytical developments
have been verified with numerical simulations with reference
to some relevant cases by a realistic circuit model.

Despite of the proposed analysis is based on continuous
symmetric PWM, it can be easily extended to -either
discontinuous or unsymmetrical modulation, both carrier-
based and space vector PWM. Furthermore, the derived

Fig. 11. Instantaneous output current with calculated ripple envelopes
(red and blue traces) for m = 1/6.
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Fig. 12. Current ripple (7 = 1/3): simulation results (blue) and evaluated peak-
to-peak amplitude (red envelope) for one fundamental period, with details.

Fig. 14. Current ripple (7 = 1/2): simulation results (blue) and evaluated peak-
to-peak amplitude (red envelope) for one fundamental period, with details.

analytical expressions can be utilized to minimize the peak-
to-peak current ripple by properly adjusting the switching fre-
quency and/or the sharing of the null-voltage-vector applica-
tion time between the two null switch configurations.
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