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Abstract—A generalized multi-phase space vector theory is 

considered for developing the space vector modulation of a 

nine-phase voltage source inverter (VSI). The space vector 

modulation (SVM) is based on the control of the voltage vector 

in the first d-q plane, imposing to be zero the voltage vectors in 

second, third, and fourth d-q planes, as in the relevant case of 

balanced sinusoidal load voltages. The proposed switching pat-

tern includes one-leg commutation at a time, with the possibility 

to share the zero voltage between the two null vectors. The 

modulation limits are analytically determined. In particular, it 

is shown that the maximum modulation index coincides with 

the theoretical value obtained in the case of sinusoidal balanced 

waveforms of a nine-phase VSI, proving that the proposed 

SVM strategy allows full dc bus voltage utilization. The analysis 

is confirmed by a complete set of numerical simulations. 

I.  INTRODUCTION

Multi-phase motor drives have many advantages over tra-

ditional three-phase motor drives such as reducing the am-

plitude and increasing the frequency of torque pulsations, re-

ducing the rotor harmonic current losses and lowering the dc 

link current harmonics. In addition, owing to their redundant 

structure, multi-phase motor drives improve the system reli-

ability. As a consequence, the use of multi-phase inverters 

together with multi-phase ac machines has been recognized 

as a viable approach to obtain high power ratings with cur-

rent limited devices [1]-[2]. 

Among the various possible number of phases, the multi-

ples of three present some advantages, such as the possibility 

to build the multi-phase inverter as an hardware combination 

of standard three-phase VSIs, having proved reliability and 

effective protection circuitry. Furthermore, the stator core 

laminations of the ac machine has a number of slot multiple 

of three, offering the possibility to realize the multi-phase 

stator core with minimum adjustment with respect to stan-

dard machines. 

In alternative to the traditional carrier-based PWM [3], 

[4], the multiple space vector approach can be adopted to 

determine the firing signal for the power switches of a multi-

phase VSI, introducing the multi-phase space vector modu-

lation (SVM) techniques [5]-[8]. In fact, an extension of the 

well-known space vector theory can be still employed to rep-

resent the behavior of multi-phase systems, leading to an ele-

gant and effective vector approach in multiple d-q planes [9]. 

Nowadays, nine-phase inverters (see Fig. 1) have been al-

ready studied in [10], [11]. However, an explicit SVM algo-

rithm for nine-phase VSI has not been presented yet. 

In this paper a SVM technique based on the multiple 

space vector concept applied to a nine-phase VSI is pre-

sented in details. In particular, the aim of the authors is to 

extend the space vector modulation for seven-phase VSI pre-

sented in [8] to the case of nine-phase VSI, considering ref-

erence space vectors in all the four d-q planes. The proposed 

SVM strategy univocally selects the inverter switch configu-

rations among the 2
9
 = 512 possibilities by privileging the 

space vector on the first d-q plane,  d1-q1, the one responsible 

for balanced sinusoidal output voltage waveforms of the first 

sequence. This selection is based on the definition of 18 

symmetric sectors on the d1-q1 plane. 

The resulting switching patterns, collected in a general 

switching table, include eight active and two null configura-

tions, with a single leg commutation for each configuration 

change. The application times of active vectors are expressed 

in terms of duty cycles on the basis of a detailed analytical 

approach, whereas the application time of the null vector is 

arbitrarily shared between the two null configurations. 

The modulation limits are given for balanced sinusoidal 

voltages by introducing the maximum modulation index. A 

complete set of numerical results confirms the effectiveness 

of the proposed SVM strategy. 

II.  MULTIPLE SPACE VECTOR TRANSFORMATION

FOR NINE-PHASE SYSTEMS

The space vector transformation for a nine-phase system 

leads to a zero-sequence component and four independent 

space vectors among the eight available ones [9]. 

In this paper the following space vectors are adopted to 

represent the nine-phase system, being α =exp (j2π/9): 
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Fig. 1. Scheme of a nine-phase VSI feeding a nine-phase load.
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Note that the space vector
 

3x  has a particular expression 

since 3 is a factor of the number of phases n = 9, which is not 

a prime. 

On the basis of (1), the inverse space vector transformation 

becomes
)1(4

4
)1(3

3
)1(2

2
)1(
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−−−− α⋅+α⋅+α⋅+α⋅+= kkkk

k xxxxxx

k = 1, 2, …, 9     (2) 

where the symbol “ ⋅ ” denotes the inner (scalar) product. 

The four space vectors 1x , 2x , 3x , and 4x  lie in the planes 

called d1-q1, d2-q2, d3-q3, and d4-q4, corresponding to the se-

quence 1, 2, 3, and 4, respectively. 

III. NINE-PHASE VOLTAGE SOURCE INVERTERS

The scheme of a nine-phase VSI is represented in Fig. 1. 
The star-connected load is supposed to be balanced, with a 
single central point 0. 

With reference to transformation (1), the zero-sequence 

component of the load voltages is always zero (balanced 

load), whereas the multiple space vectors can be written as 
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where Sk represents the switch state (0, 1) of the k-th inverter 
leg (k = 1, 2, …, 9). It can be shown that the instantaneous 
load voltages can be expressed in terms of the switch state as

 

++++++++−= )(
9

1
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There are 29 = 512 possible switch configurations. For the 

sequences 1, 2, and 4 (i.e., in d1-q1, d2-q2, and d4-q4 planes), 

the configurations (000000000) and (111111111) correspond 

to the null vector, whereas the other 510 configurations cor-

respond to different active vectors. For the sequence 3 (i.e., 

in the d3-q3 plane) there are many configurations corre-

sponding to the null vector and many configurations corre-

sponding to each one of the 36 active vectors. The voltage 

vectors corresponding to all the 512 switch configurations in 

the four d-q planes are represented by dots in Fig. 2. 

IV.  SPACE VECTOR MODULATION

The goal of the space vector modulation for a nine-phase 

VSI is to generate the four load voltage space vectors 

( 1v , 2v , 3v , and 4v ) with a given average value within the 

switching period ( refv1 , refv2 , refv3 , and refv4 ), correspond-

ing to the nine line-to-neutral load voltages (v1, v2, …, v9).

This condition leads to eight independent scalar constraints 

that can be univocally satisfied by selecting, in each cycle 

period, inverter configurations corresponding to eight active 

and a null voltage vector. 

In order to optimize the harmonic content and minimize 

the current ripple, the eight active configurations should cor-

respond to voltage vectors lying as close as possible to the 

reference voltage vectors. Since in nine-phase inverters there 

are four independent reference voltage vectors, a possible 

configuration selection criterion consists in privileging the 

voltage vector on the d1-q1 plane, refv1 . In this way, the rele-

vant case of balanced sinusoidal output voltages, corre-

sponding to v2ref  = 0, v3ref  = 0, and v4ref  = 0, can be opti-

mized. 

The d1-q1 plane can be subdivided into 18 sectors with an 

angular size of π/9 for determining the eight active configu-

rations, as shown in Fig. 2. Each sector identifies four active 
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Fig. 2. Output voltage vectors corresponding to the inverter configurations in the four d-q planes.
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configurations on its left border and four active configura-

tions on its right border, as shown in Fig. 3 with reference to 

sector 1. These eight configurations are determined so that a 

switching pattern requiring a single commutation for each 

configuration change can be defined for each sector, starting 

from the null configuration (000000000) up to the other null 

configuration (111111111), as shown in Table I. The duty 

cycles corresponding to the switch configurations are indi-

cated in the first column, from δ0 up to δ9. The second half of 

the switching period consists in following backward the 

switching pattern from (111111111) to (000000000). 

There are ten magnitudes at all corresponding to the 

switch configurations involved in the switching pattern (i.e., 

VA, VB, VC, VD, VE, VF, VG, VH, VI, VL, in increasing order). 

They can be expressed on the basis of only four coefficients 

K1, K2, K3, and K4 as 

1
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Fig. 2 shows that the switch configurations utilized in the 
proposed modulation strategy correspond to load voltage 
vectors lying on vertexes of four 18-sided regular polygons 
having radii VE, VH, VI, VL, respectively, on the d1-q1 plane. 
Also in the d2-q2 and d4-q4 planes the load voltage vectors lie 
on vertexes of four 18-sided regular polygons having radii 
VB, VE, VF, VG, and VA, VC, VD, VE, respectively. Instead, in 
the d3-q3 plane, the load voltage vectors lie on vertexes of a 
single regular hexagon having radius VE, leading to multiple 
vectors, both the active and the null ones. 

In order to present the details of the proposed space vector 
modulation strategy, the case of  refv1  lying in sector S1 is

 

considered. Fig. 3 shows the inverter switch configurations 

and the corresponding output voltage vectors involved in the 

switching pattern in the d1-q1, d2-q2, d3-q3, and d4-q4 planes. 

For each reference space vector hrefv  (h = 1, 2, 3, 4) the two 

components hvα and hvβ  along proper directions are de-

fined, according to Fig. 3, leading to 
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Then, the reference components 
h

vα and 
h

vβ  can be syn-
thesized as weighted average of the space vector magnitudes, 
over the switching period T, introducing the corresponding 
application times t1, t2, …, t8, leading to 
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The relationships (8) define a system of eight linear equa-

tions, assuming the application times of the active configu-

rations t1, t2, …, t8 as unknown variables. 

The application times of the null configurations t0 and t9

can be determined as follows: 

( )8765432190 ttttttttTtt +++++++−=+ . (9) 

It should be noted that (9) does not allow the determina-
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tion of t0 and t9 separately, leading to a degree of freedom 

that can be utilized in order to modify the modulation prop-

erties in terms of switching frequency and output current 

distortion [12]. Introducing the duty-cycles δk, (9) can be re-

written as 

( )8765432190 1 δ+δ+δ+δ+δ+δ+δ+δ−=δ+δ , (10) 

being 

T

tk
k =δ , k = 0, 1, …, 9. (11) 

The original linear system (8) can be decomposed into two 

independent systems of 4 equations with 4 unknowns, char-

acterized by the same matrix of coefficients [M], leading to 
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Since the matrix [M] is nonsingular (det [M] = 27), the 

system has the following unique solution: 
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Introducing (7) in (14) the duty cycles of the proposed 

space vector modulation strategy are obtained on the basis of 

the reference space vectors, as follows
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Note that a null coefficient appears in (15) and (16) since 

the switch configurations corresponding to δ3 and δ6 (i.e., the 

ones having three and six adjacent 1, respectively) represent 

a null vector in the d3-q3 plane. Then, both δ3 and δ6 are not 

affected by refv3 .

In the particular case of v2ref = 0, v3ref = 0, and v4ref = 0, 

(16) assumes the following simplified form: 
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Introducing the coefficient 
22
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relationships can be rewritten as 
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It can be noted that the duty cycle of each active configu-
ration is proportional to the magnitude of the corresponding 
voltage vector on d1-q1 [8], [10]. 

V.  MAXIMUM MODULATION INDEX

The modulation index m is defined as the ratio between 
the amplitude of the line-to-neutral voltage and the dc-link 
voltage, in balanced sinusoidal operating conditions. In this 
case, the voltage amplitude of all phases coincides with the 
magnitude v1 of the space vector lying on d1-q1 plane. Then, 

TABLE I - SWITCHING TABLE OF THE PROPOSED SVM CONTROL STRATEGY FOR ALL THE 18 SECTORS ON PLANE d1-q1.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

 

δ0 000000000 000000000 000000000 000000000 000000000 000000000 000000000 000000000 000000000 000000000 000000000 000000000 000000000 000000000 000000000 000000000 000000000 000000000

δ1 100000000 010000000 010000000 001000000 001000000 000100000 000100000 000010000 000010000 000001000 000001000 000000100 000000100 000000010 000000010 000000001 000000001 100000000

δ2 110000000 110000000 011000000 011000000 001100000 001100000 000110000 000110000 000011000 000011000 000001100 000001100 000000110 000000110 000000011 000000011 100000001 100000001

δ3 110000001 111000000 111000000 011100000 011100000 001110000 001110000 000111000 000111000 000011100 000011100 000001110 000001110 000000111 000000111 100000011 100000011 110000001

δ4 111000001 111000001 111100000 111100000 011110000 011110000 001111000 001111000 000111100 000111100 000011110 000011110 000001111 000001111 100000111 100000111 110000011 110000011

δ5 111000011 111100001 111100001 111110000 111110000 011111000 011111000 001111100 001111100 000111110 000111110 000011111 000011111 100001111 100001111 110000111 110000111 111000011

δ6 111100011 111100011 111110001 111110001 111111000 111111000 011111100 011111100 001111110 001111110 000111111 000111111 100011111 100011111 110001111 110001111 111000111 111000111

δ7 111100111 111110011 111110011 111111001 111111001 111111100 111111100 011111110 011111110 001111111 001111111 100111111 100111111 110011111 110011111 111001111 111001111 111100111

δ8 111110111 111110111 111111011 111111011 111111101 111111101 111111110 111111110 011111111 011111111 101111111 101111111 110111111 110111111 111011111 111011111 111101111 111101111

δ9 111111111 111111111 111111111 111111111 111111111 111111111 111111111 111111111 111111111 111111111 111111111 111111111 111111111 111111111 111111111 111111111 111111111 111111111
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dcVvm 1= . (19) 

In order to determine the maximum value of the modula-

tion index, the modulation constraints are introduced. In par-

ticular, the application times of active and null configura-

tions involved in the switching pattern must be non-negative. 

These conditions can be written in terms of duty cycles as 

δk ≥ 0 , k = 0, 1, …, 9. (20) 

In the case of v2ref  = 0, v3ref  = 0 and v4ref  = 0, as for bal-

anced sinusoidal voltages, the duty cycles corresponding to 

the active configurations are always non-negative. In fact, all 

the terms in (17) are non-negative. In this case, the modula-

tion constraints are represented only by the following ine-

qualities  

δ0 ≥ 0 , δ9 ≥ 0. (21) 

Introducing (21) in (10) yields 
 
δ1 + δ2 + δ3 + δ4 + δ5 + δ6 + δ7 + δ8 ≤ 1. (22) 

Then, combining (22) with the expression of the duty cy-

cles (17) leads to 
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procedure to all the 18 sectors on d1-q1 plane the 18-sided 

regular polygon shown in Fig. 4 is obtained. Then, refv1  is 

confined inside this polygon. 

If balanced sinusoidal line-to-neutral voltages are required 

refv1  lies on a circle. In this case the maximum voltage am-

plitude corresponds to the radius of the circle inscribed in the 

limit polygon. As a consequence, the modulation index is 
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It can be noted that this limit coincides with the theoreti-

cal limit given in [3] for a multi-phase VSI with sinusoidal 

balanced output voltages (n = 9) 

( )ncos
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n
sin

m
22

1

1

2
2

1

π
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−π
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VI.  SIMULATION RESULTS

In order to verify the effectiveness of the proposed SVM 

strategy, the behavior of a system, composed by a nine-phase 

VSI feeding a nine-phase balanced R-L load has been tested 

by numerical simulations (R = 20 Ω, L = 10 mH, Vdc = 540 V,

see Fig. 1). The numerical results are obtained in balanced 

and sinusoidal conditions, with an amplitude of the reference 

load voltage | refv1 | = 200 V and a frequency of 50 Hz. 

The choice δ0 = δ9 has been considered for the null con-

figurations in each cycle (T = 200 µs). The resulting SVM 

strategy can be considered as an extension of the well-known 

“symmetrical SVM” utilized for the three-phase VSI. 

The nine load currents are shown in Fig. 5. Note that the 

waveforms are practically sinusoidal and characterized by a 

small ripple due to the switching effect. 

The line-to-neutral load voltage v1 is represented in Fig. 6, 

showing a 17-levels waveform: dcdcdc VVV
9
8

9
2

9
1 ...,,,,0 ±±± .

Fig. 4. Regular polygon in d1-q1 plane representing the limit of refv1 .
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In particular, the instantaneous value of v1 changes across 

nine adjacent levels in a voltage range of dcV
9
8  within each 

cycle period, as expressed by (4). 

In Fig. 7 are illustrated the trajectories of the space vec-

tors 1i , 2i , 3i , and 4i  in the corresponding d-q planes. As 

expected, the space vectors 2i , 3i , and 4i  are practically 

null, whereas 1i  moves along a circular trajectory (at con-

stant speed). These results demonstrate that the proposed 

SVM strategy is able to independently control the output 

voltage space vectors in the four different d-q planes.  

In Fig. 8 the loci of space vectors 1v , 2v , 3v , and 4v , are 

shown in the corresponding d-q planes. In this figure the dots 

represent voltage space vectors involved in the modulation 

process, whereas the lines connect successive configurations. 

VII.  CONCLUSION

A SVM control strategy for nine-phase VSI has been pro-
posed in this paper as an extension of the SVM already de-
veloped for 5- and 7-phase VSIs. The modulation is based on 
multiple space vector approach applied to nine-phase cir-
cuits, leading to quadruple d-q planes representation. 

The switching pattern includes eight active and two null 
configurations, with a single leg commutation for each con-
figuration change. The duty cycles of both active and null 
inverter configurations are calculated on the basis of a de-
tailed space vector approach, leading to the analytical deter-
mination of the modulation limits. 

The results obtained by the proposed modulation strategy 
collapse in the ones obtainable with a carrier-based symmet-
rical PWM in the case of v2ref  = 0, v3ref  = 0, and v4ref  = 0, as 
for balanced sinusoidal voltages. In this case, it has been 
verified that the modulation limits are in agreement with the 
theoretical maximum modulation index of a nine-phase VSI, 
proving that the proposed SVM allows full dc bus voltage 
utilization. 

Numerical simulations carried out with reference to a 
nine-phase VSI supplying a nine-phase balanced load con-
firm the effectiveness of the proposed SVM strategy. 
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