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Abstract - The paper describes a lumped parameter equivalent
circuit for the HF analysis of mush wound coils of AC wind-
ings. The equivalent circuit takes account of turn-to-turn and
turn-to-iron stray capacitances. Dissipative phenomena due to
eddy currents in the coil wires and the laminated iron core are
also considered. The parameter identification is based on si-
nusoidal impedance measurements on a test coil. The model of
a multi-coil AC stator winding can be easily derived from the
proposed equivalent circuit. This model allows one to predict
both common- and differential-mode conducted EMI in
switching converters supplying AC motors. The simulation re-
sults obtained by PSpice are in good agreement with the ex-
perimental data.

1. INTRODUCTION

A HF model for AC windings is required to predict the
voltage distribution across the coils, common- and differ-
ential-mode currents iri inverter-fed motor drives and, in
general, conducted interferences up to some tens of mega-
hertz in AC power mairis.

Detailed winding models for large AC motors have been
previously developed. Most of these studies concern AC
motors having the windings in “form wound coils” with a
given structure [1]-[4]. Little was published concerning the
modeling of AC motors with the windings in “mush wound
coils” [5]-[7]. In this type of winding the high number of
turns and their random assembling make the determination
of an equivalent circuit a hard task.

Under the influence of a high frequency excitation, the be-
havior of the stator iron core is completely different from
that shown in the case of a power frequency excitation. At
high frequencies, eddy currents cause the iron enclosing a
stator coil to act as a barrier for the magnetic flux. As a
consequence, the self and mutual inductances of the coils
change with frequency. Owing to skin and proximity ef-
fects, the coil resistance also changes. Furthermore, the coil
model must take turn-to-turn and turn-to-iron capacitances
into account. The turn-to-iron capacitances lead to a three-
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Fig. 1. Schematic drawn of the coil geometry
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terminal equivalent circuit, being the motor frame usually
grounded.

The random nature of a mush wound coil, with turns at
unknown locations inside the slots, makes modeling based
on the series connection of single turn equivalent circuits as
more difficult as the number of turns increases. In this pa-
per, a lumped parameter circuit which has a sinusoidal im-
pedance equal to that of the test coil in a given frequency
range is proposed. In order to highlight the influence of the
laminated iron core, mush wound coils with an air core are
considered as a preliminary approach. Then, real coils with
a laminated iron core are analyzed and an extrapolation
procedure to determine the coil inductance variation with
frequency is presented.

II. WINDING INDUCTANCE

A mush wound coil for AC stator windings is consid-
ered. The coil consists of N turns connected in series and
having a circular cross-section. A schematic drawn of the
coil geometry is given in Fig. 1.

The distribution of the N turns in the coil cross-section is
random in both the slot region and the overhang region.
Fig. 2 shows the cross-sectional view of the turns inside the
slot.

Under the assumption of an uniform current density dis-
tribution, the inductance of a coil with N turns can be cal-
culated multiplying by N2 the inductance of a single turn
having the same cross-section of the coil

L (tums = N, diam.=d,) = N?-L (ums=1, diam.= D) . ¢))]

The assumption that the current density is uniformly dis-
tributed over the coil cross-section (diameter D, in Fig. 2)
is satisfied in spite of skin and proximity effects, if the turn
number N is high enough (i.e., tens of turns at least). As it
is shown in Fig. 1, each turn of the coil consists of two
semi-circular or rectangular wires in the overhang region
and two parallel straight wires in the slot region.

Fig. 2. Cross-sectional view of the turns inside the siot
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For the coil inductance calculation, the semi-circular
overhangs are replaced by rectangular overhangs having
the same area. With reference to Fig. 1, we obtain

D
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A. Air-core Coil

As a first step of the analysis, we consider a coil with the
same geometry of the real coil but placed in a linear and
homogeneous medium (alr)

The coil inductance L* is calculated considering the con-
tribution of both the external and internal inductances

L - Lext + Llnt (3)

We can calculate the external inductance by the concept
of “partial inductance” described in [8]. In this case, the ra-
dius of the wire is 1, = Do/2 and the rectangular loop has
side lengths a = 2h+2d,+d;; and b = Dy, as represented in
Fig. 1. From the formula derived in [8] and from (1), we
can write

L, = [2 (Lha = Mpq )+ 2(Ly, - My, )] N2, @
The expressions of self and mutual partial inductances are
given in the Appendix.

The contribution of the internal inductance is usually
negligible. However, under the assumption of an uniform
current density distribution in the coil cross-section, L%,
can be calculated with a good approximation through the
DC internal inductance per-unit-length of a straight round
wire. As it is known, this inductance is [,/8% for any wire

radius. Then, taking (1) into account, we obtain
* M
Lint 4:(: (a -+ b) (5)

B. Real Coil

In this case, we assume that the coil inductance L is
given by the sum of the inductance L*" of the wires in the
overhang region and the inductance L™" of the wires in the
slot region

L = Lair +Umn . (6)

This assumption is satisfied with a good accuracy. In
fact, the flux lines produced by the currents in the over-
hangs mainly lie in planes perpendicular to the iron lami-
nations. These flux lines do not penetrate the iron core ow-
ing to the shielding effect of eddy currents which can freely
circulate in the iron sheets.

On the basis of the previous considerations, we can cal-
culate the inductance L* related to the overhangs by the
image method [9]. This approach leads to consider the in-
ductance of a rectangular air-core loop having side lengths
a = 2h+2d, and b = Dy, with a wire radius r. = D/2. Also in
this case, we can apply the method of partial inductances
and (4) can be employed to calculate the external induc-

tance L . The internal inductance Ly, can be obtained
by (5). Thus, the overhang inductance L“" is given by
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L = LG + Ly - ™)

With reference to the inductance L”™, we can note that
this contribution is strongly affected by the frequency. In
fact, the core lamination opposes eddy currents so that the
shielding effect becomes significant only at high frequen-
cies. As a consequence, the skin depth of the magnetic field
produced by the currents in the slots decreases as the fre-
quency increases. This has been confirmed in previous
works [3], [4] and by the experimental tests described be-
low. In particular, it has been verified that only for fre-
quencies above several megahertz the magnetic field does
not penetrate the laminated iron core. For this reason, the
determination of the coil inductance requires an accurate
and difficult field analysis taking eddy currents and core
lamination into account. However, neglecting the magnetic
field penetration inside the laminated iron core, the induc-
tance L” can be evaluated as the inductance of a group of
N parallel straight wires surrounded by an ideal magnetic
cylindrical shield. The following expression is obtained

pro Mo L4 Dshy N2, (8)
n 4 D,

where 2d;; is the wire length and Dy the shield internal di-
ameter. The value calculated by (8) can be considered as
the asymptotic lower limit of the slot contribution to the
overall inductance of the coil.

C. Experimental Tests

In order to verify the previous considerations, both air-
and laminated iron-core coils were built, with a number of
turns N = 63. The corresponding dimensions are given in
Table I of the Appendix.

Fig. 3 shows the measured values of the inductance of
the two coil types as a function of frequency (solid lines
with black dots).

The calculated value for the air-core coil inductance is
L* = 1030 puH. As Fig. 3 shows, the measured values of L*
are in good agreement with the calculated value. Skin and
proximity effects in the copper wires are responsible for the
slight decrease in the measured inductance in the low-fre-
quency range. The turn-to-turn parasitic capacitances cause
the sudden increase in the inductance above 80 kHz. The
last measurable point is at about 200 kHz owing to the ca-
pacitive behavior of the coil for higher frequencies.

2500 T
¢ Parasitic capacitance effects
2000 +
E _L (me‘}s‘“ed) Last measurable points
= 1500 ! 7
o * ..
g L (measured) /O“-.\o L (extrapolated)
_‘é 1000 O °
E e 20 oo
s00 4+ L (calculated)
0 7t —————r—rrrrt ——rrrrr]
10E+3 100E+3 1E+6 10E+6
f[Hz]

Fig. 3. Coil inductance for N=63

ISIE’97 — Guimaries, Portugal



With reference to the laminated iron-core coil, Fig. 3
shows a continuous decrease in the inductance L. As dis-
cussed above, this decrease is due to the shielding effect of
the eddy-currents than can flow in the iron core in spite of
its lamination. Also in this case, the inductance measure-
ments can be performed only up to 80 kHz owing to turn-
to-turn and turn-to-iror parasitic capacitances. The effects
of these parasitic pararneters will be discussed in Sections
III and IV.

D. Extrapolation of the Real Coil Inductance

In order to extend the inductance measurements to the
high-frequency range, c¢oils with a reduced number of turns
were built. In this way, the parasitic capacitive effects are
reduced and the parallel resonances are shifted at higher
frequencies. It has been found that the ratio r* between the
inductance L of a real coil and the inductance L* of the cor-
responding air-core coil practically does not depend on the
number of turns in a wide frequency range.

Fig. 4 shows the ratio " as a function of frequency for
N =1, 2, 3, 4, and 63. This figure confirms that the induc-
tance ratio does not depend on the number of turns for ex-
citation frequencies above 50 kHz. As a consequence, we
can characterize the magnetic behavior of a laminated iron-
core coil in a wide frequency range by measuring the in-
ductance of a coil with a low number of turns so avoiding
the effects of parasitic capacitances. Then, the extrapola-
tion of the inductance of a real coil with any turn number
can be performed measuring or calculating by (3) the cor-
responding air-core coil inductance and multiplying by the
value of r* at the desired frequency

L(f)=L"r (f) . ©)

The results of the inductance extrapolation up to 10
MHz for a laminated iron-core coil with N = 63 turns are
represented in Fig. 3. It can be noted the good agreement
between the extrapolated asymptote and the inductance
value L = 720 uH calculated by (6), (7), and (8) in the case
of magnetic field confined inside the slot. It can also be ob-
served that L assumes the value of L™ at the frequency of
about 1 MHz. For higher frequencies the real coil induc-
tance is lower than the corresponding air-core coil induc-
tance.

2.5

—0— N=(3

II1. HF MODEL OF THE COIL

The HF circuit model of a mush wound coil for AC
windings must take account of turn-to-turn and turn-to-iron
capacitances. Furthermore, dissipative phenomena such as
skin and proximity effects in the wires, dielectric and iron
losses should be included.

A model could be derived assuming the coil made of
turns connected in series, with each turn represented by an
equivalent circuit including also mutual effects between
turns. However, this approach can be used only when the
turn number is sufficiently low and the coil geometry is
known inside and outside the slots. This is the case of large
AC machines with form wound coils [1], [2], [3], [4]. For
small and medium AC machines, in which the turn number
is high and the turns are randomly wound, a different ap-
proach must be employed.

The approach developed in this paper is based on the
equivalence between the coil and the circuit model in terms
of sinusoidal impedance Z.. Hence, both the real part
(equivalent series resistance, Rg) and the imaginary part
(equivalent series reactance, X;) of the impedance Z, are
considered (Fig. 5).

R X
—WW— }—

Fig. 5. Series representation of the sinusoidal impedance

Z, =R, +jX,

In order to emphasize the contribution and the effect of
the laminated iron core at high frequencies, firstly the
analysis is developed for an air-core coil having the same
geometry of the real coil, as in Section IL

A. Air-core Coil

To determine a suitable HF equivalent circuit of a mush
wound coil with an air-core, it is necessary to perform
measurements of its sinusoidal impedance at different fre-
quencies and to make an accurate analysis of the results.
The measurements have been performed by using a pro-
grammable RLC meter HP 4192 with the frequency rang-
ing from a few tens of kilohertz to a few megahertz. In this
range, only one parallel resonance associated with dissipa-
tive phenomena has been observed. Then, an equivalent
circuit whose response simulates this behavior is shown in
Fig. 6.

The parameter R*, represents the AC wire resistance.
The value of this resistance is a function of the excitation
frequency owing to skin and proximity effects. If the
analysis is performed in the frequency domain, the resis-
tance variation could be modeled by a square-root function
of frequency [5]. However, this variable parameter cannot

last measurable point for N=63

. 20 be introduced in the equivalent circuit when the coil model
5 has to be used for the transient analysis in the time domain.
B 15 In this case, the resistance variation can be modeled by a
§ proper sub-circuit. There are two kinds of circuits that can
8 10 be fitted for the time domain representation of eddy cur-
fg’ rents in windings: Foster circuits (parallel or series) and
= 054 In=t Cauer circuits (standard or dual) [10]. Anyway, skin and
’ proximity phenomena affect the air-core coil behavior only
up to few hundred kilohertz which is the lower bound of
oo e A A the considered frequency range. For this reason, the value
10E+3 100E+3 IE+6 ¢ [Hz} 10E+6 of the coil resistance is fixed at a mean value. In this way a
Fig. 4. Measured inductance ratio r* vs. frequency simple equivlalent circgit can b_e adopted for both the fre-

quency and time domain analysis.
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The resistors R*: and R*p must take account of the dissi-
pative phenomena due to HF capacitive currents and di-
electric losses. The series resistances R”; and R*; are in the
order of the tens of ohm and the parallel resistance R*p of
the hundreds of kilohm. In order to fit the model with the
experimental results, an identification problem must be
solved. An initial estimate of the air-core coil inductance
L* is obtained from (3). Owing to the random distribution
of the turns, the overall parasitic capacitance C* cannot by
calculated on the basis of the coil geometry as in [11]. The
overall parasitic capacitance can be determined by

* 1 1
4n?f? L (19)
where f, is the resonant frequency.

The identification problem can be solved by a simple
trial and error method or some more sophisticated numeri-
cal techniques such as the least squares method.

The measured and calculated values of the series equiva-
lent resistance Ry and reactance X as a function of fre-
quency are represented in Fig. 7. The corresponding values
of the model parameters are given in Table II of the Ap-
pendix. In Fig. 7 the frequency ranges from 300 to 600 kHz
in order to clearly show the matching between measured
and calculated results in the resonance region. However,
the agreement is still good in a wider frequency range, as it
is shown in Fig. 8 where the impedance magnitude is repre-
sented in a bi-logarithmic scale.

R%

-——W—AVW\/——-

Fig. 6. HF equivalent circuit for the air-core coil
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B. Real Coil

Experimental tests on several iron-core coils have been
carried out. In the considered frequency range a pair of
parallel resonances with large dissipative phenomena has
been observed in all cases. The additional dissipative phe-
nomena are related to the AC iron losses. A suitable
equivalent circuit can be represented by the series connec-
tion of two circuits having the same topology described in
Section III.A. The resulting circuit model is represented in
Fig. 9. Also in this case, in order to determine the model
parameters on the basis of the experimental results, an
identification problem must be solved.

The AC iron losses can be modeled with both an in-
crease in the series resistances Ry; and Ry, , and a decrease
in the parallel resistances R,; and R, with respect to the
case of the air-core coil.

The overall inductance L of the iron-core coil can be
evaluated by the extrapolation method proposed in Section
II.D. The results obtained for a coil with N=63 turns are
represented in Fig. 3. In order to obtain an equivalent cir-
cuit valid for both the frequency and time domain analysis,
the frequency dependence of L has been neglected and the
constant value L = 1150 pH has been assumed in the fre-
quency range of interest (i.e., above 100 kHz).

An alternative approach could be that of introducing a
proper sub-circuit to model the resistance and inductance
variations with frequency. In this case, a dual form of the

RPI RPZ
A MY
Gy R G Res
SRy [ S
Li Ry, L2 Ry,
L,

Fig. 9. HF equivalent circuit for the real coil
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Fig. 11. Measured and calculated impedance Z (real coil)
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standard Cauer can be employed as explained in [10].
An initial estimate of the reactive parameters L, L,, C;,
and C, can be obtained solving the following equations

P SR S SO T

LG L, G,

~ o~ 1 1 1
L:L1+L2, E:T‘f‘,_.—, (11)

¢ G

where @, and m, are the angular frequencies corresponding

to the two peaks of the measured curve Ry(w), L. is the
overall inductance previously evaluated, and C the overall
stray capacitance obtained by the coil reactance measured
at a frequency above the resonant frequencies.

Equations (11) lead to the initial estimates

~ 1/C-o3L ~ 1/C-ofL
LI_ 0)2—(1)2 ’ L2_ (1)2—~(,t)2 ’
1 2 2 1
2 2
& _1-(w; /) & _1-(0/0y) 12
' rc-e3L T T 1/C-ofL

The measured and calculated values of the series equiva-
lent resistance Rg and reactance X, are shown in Fig. 10.
The parameter values of the circuit model are given in Ta-
ble III of the Appendix. Fig. 10 shows a good agreement
between the calculated and measured results. In Fig. 11 the
impedance magnitude is plotted in the frequency range of
0.01-1 MHz. The agreement is still good. Only in the low-
frequency range we observe a discrepancy. As widely dis-
cussed above, this is due to the fact that the coil resistance
and inductance change with the excitation frequency,
whereas in the equivalent circuit the corresponding pa-
rameters are kept constant.

IV. MODELING THE COIL-TO-IRON CAPACITIVE COUPLING

The laminated iron core is electrically connected to the
motor frame. Since the: motor frame is usually grounded for
safety reasons, a three-terminals equivalent circuit of the
coil including turn-to-ground capacitances should be con-
sidered for HF analysis. By means of this circuit, common-
mode HF currents can be evaluated.

The coil-to-ground sinusoidal impedance has been
measured connecting the instrument between a coil termi-
nal and the motor frame, being the other coil terminal float-
ing. The results obtained for a set of different coils show a
capacitive coupling substantially independent of the exci-
tation frequency. On the contrary, the equivalent series re-
sistance shows two peaks at frequencies corresponding to
the parallel resonances. With reference to the test coil, the
measured coil-to-ground capacitance C;, was about 82 pF.
As a consequence, a three-terminal equivalent circuit can
be defined introducing two additional capacitances Cyy/2 to
the equivalent circuit of Fig. 9. These capacitances are
connected between each of the two coil terminals and the
ground as it is shown in Fig. 12.

In order to fit the model with the experimental results,
the previously estimated values of the parallel resistances
and parasitic parallel capacitances must be adjusted. At the
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same time, the model parameters must fit the sinusoidal
impedance between the two coil terminals, as discussed in
Section IILB. The identification procedure leads to the pa-
rameter values reported in Table IV of the Appendix. In
Fig. 13, the measured and calculated values of the equiva-
lent series parameters Rg and IX,| of the sinusoidal imped-
ance between a coil terminal and the ground are shown.
Fig. 14 shows the magnitude of this impedance.

It should be noted that the three-terminal equivalent cir-
cuit represented in Fig. 12 can be employed to model both
the sinusoidal impedance between the two terminals of the
coil and that between the coil and the iron core.

When two or more coils are connected in series, such as
in a phase of AC stator windings, the series of the single
coil models can be used to represent the winding. In this
case, to achieve a very accurate HF analysis, the capacitive
coupling among the coils should be considered in addition
to the magnetic coupling.

Ry Ry
AMAN AV
Cy R G, R
Ly Ry, L, Ry,
LTI, AT A———s
Ry Ry
Cyl2 Cyl2
N N\
iron (ground)

Fig. 12. Three-terminal HF equivalent circuit of the coil
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Fig. 13. Measured and calculated Rg and IX¢| between a coil terminal
and the ground
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Fig. 14. Measured and calculated impedance between a coil terminal
and the ground

ISIE’97 — Guimaries, Portugal



IV. CONCLUSIONS

A lumped parameter equivalent circuit for mush wound
coils of AC windings has been presented. The proposed
model is useful for HF analysis in a wide frequency range.
It takes account of turn-to-turn and turn-to-iron stray ca-
pacitances and dissipative phenomena due to eddy currents
in the coil wires and the laminated iron core. The coil
model allows both common- and differential-mode HF cur-
rent components to be predicted. The equivalent circuit has
been fitted with the experimental results obtained by sinu-
soidal impedance measurements on a test coil. The numeri-
cal results have been compared with experimental data
showing a good agreement in a wide frequency range.

The model of a multi-coil AC motor winding can be
readily obtained by the cascade connection of single coil
equivalent circuits. This model can also be used to evaluate
the fast-fronted voltage distribution along the winding of an
inverter-fed AC motor.
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APPENDIX

Self and mutual partial inductances of a rectangular loop
having side lengths a and b and wire radius r, [7]:

2 2
L;azﬁc’—a In| &+ [3] +1 |+t (f_c) +1
2n by T, a a

2 2
X M LA LA Y L (59) +1
2n I, I, b b

a . a b (b]z
2403 +2- 2] +1
b b a a
2
;b_“"blnE E +1 +3~ (3) +1
a a b b
TABLE I

MAIN COIL AND SLOT DIMENSIONS [mm]

Dh h da dir » Ds Dc dw

82 322 10 75 11 9 0.9

TABLE II
MODEL PARAMETERS (AIR-CORE COIL)

L'[uH] R'L[Q] C'F] R'c[Q] R kQ
1030 25 132 8 180
TABLE III
MODEL PARAMETERS (REAL COIL)

Lyl Rip R €L C2 RepRer Ry Ry
(1H] [Q] {pFl Q] kQ]
550, 600 120, 140 245, 520 4,4 52,4.6

TABLE IV
THREE-TERMINAL MODEL PARAMETERS (REAL COIL)

Li,Ly Rup Rz €L C2 Repn R Ry Rpp Ry, Gy
(WH] Q] [pFl Q] [kQ]  [Q], [pFI

550,600 120,140 225,500 8,8 6.3,42 8,82
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