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Abstract—We propose a model with frequency-dependent
lumped parameters to represent the behavior of laminated
iron-core inductors that are used in switching converters, i.e.,
for excitation frequencies above several kilohertz. The model
applies to laminated iron cores with air gaps. We show that the
core parameters can be calculated by using the same analytical
expressions as those valid for gapless cores if a properly defined
equivalent magnetic permeability is introduced instead of the iron
sheet permeability. We compare the inductor model parameters
calculated as functions of frequency with those obtained by mea-
surements for two test inductors. The behavior of the inductors
showed that the effects due to the eddy currents in the laminated
iron core and the turn-to-turn and turn-to-core stray capacitances
become significant in different frequency ranges.

Index Terms—Coupling reactors, eddy currents, inductor
high-frequency models, inductors, laminated iron magnetic cores,
power filters, proximity effect, skin effect.

NOMENCLATURE
Arxe Iron core effective cross-sectional area.
/i, B, C  Complex integration constants.
c Total parasitic capacitance.
f Frequency.
fr Self-resonant frequency of the inductor.
fr1 First self-resonant frequency of the inductor.
IEI c Magnetic field intensity phasor inside a sheet.
H., Magnetic field intensity phasor at the boundary of a
sheet.
I, Inductor current amplitude.
I (Re) Current amplitude through R..
I Inductor current phasor.
jy Phasor of the current density y component.
I Propagation constant.
L. Total inductance.
Li(ac) AC winding leakage inductance.
Ly (ac) AC main inductance.
Ly (dc) DC main inductance.
Ly Equivalent series inductance.

Air gap and iron sheet lengths.
Total number of turns.
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Number of turn layers.

Number of core sheets.

e Total ac resistance.

Core equivalent series resistance.
Equivalent series resistance.

AC winding resistance.

DC winding resistance.

Lamination thickness.

Phasor of the voltage induced across the winding.
Equivalent series reactance.

Inductor impedance.

Ot O Iron sheet and wire skin depths.

Lhos fhe Vacuum and iron sheet permeabilities.
Le Equivalent permeability.
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Lrey by Iron sheet and wire relative permeabilities.
Hrci Iron sheet initial relative permeability.

Pes Pw Iron sheet and wire electrical resistivities.

P Magnetic flux phasor.

b, Phasor of the magnetic flux linking the coil.

I. INTRODUCTION

AMINATED iron-core inductors are widely used in

power electronics applications. In particular, coupling
reactors and filtering devices employ this type of inductor in
the medium- to high-power range. In many power filtering
devices, laminated iron-core inductors are preferred over both
air-core and ferrite-core inductors. Air-core inductors are less
expensive, but present larger sizes and higher copper losses.
Furthermore, the leakage magnetic field presents a problem.
The use of ferrite as a core medium offers some advantages,
such as a lower copper loss compared to that of air-core
inductors, and a lower core loss compared to that of laminated
iron-core inductors. In addition, a low electrical conductivity
limits the magnitude of eddy currents and allows ferrite to
operate properly at frequencies up to several megahertz. On
the other hand, the use of ferrite is limited to applications that
require reduced core dimensions, such as small-signal high-fre-
quency filters or small-inductance reactors. Ferrite is also quite
expensive. Mainly for these reasons, the laminated iron-core
inductors are widely employed in power filtering applications
for excitation frequencies above several kilohertz. In particular,
the possibility of geometrical arrangement of the sheets in
several different ways leads to very flexible core constructions,
capable of satisfying most of the inductor requirements.

A critical point in the design of laminated iron-core inductors
is the evaluation of the inductance behavior versus frequency
and the additional core losses. In spite of the core lamination, the
effects produced by eddy currents due to the iron high electrical

0018-9464/04$20.00 © 2004 IEEE



1840

Rac lﬂl
WA
[

c I
(a)

R, JXs
A e —
(b)

Ry L=X;/0
MMW—TTT5

©

Fig. 1. Inductor models. (a) RLC' equivalent circuit. (b) Series equivalent
circuit. (c) Equivalent circuit measured by many impedance meters.

conductivity are significant, starting from frequencies of few
tens of kilohertz.

In this paper, an analytical model of laminated iron-core in-
ductors with air gaps is developed through a one-dimensional
electromagnetic field analysis, taking into account eddy currents
in the core. The magnetic permeability and electrical conduc-
tivity of iron are assumed to be independent of frequency. Linear
media are assumed throughout the analysis, i.e., the magnetic
field is low enough to avoid the iron core saturation. Therefore,
the magnetic hysteresis of the core is also neglected. The pro-
posed model considers the presence of air gaps in the magnetic
circuit, as it is the case in most practical realizations of mag-
netic cores. The lumped parameter RLC circuit model shown in
Fig. 1(a) is adopted to represent the frequency behavior of an in-
ductor. The equivalent series resistance R, and inductance L,
are frequency-dependent components due to skin and proximity
effects in the winding [1] and eddy currents in the laminated iron
core [2]. The parallel capacitance C models the turn-to-turn and
turn-to-iron stray capacitances [3] and is assumed to be indepen-
dent of frequency. Fig. 1(b) shows the series equivalent circuit
of the inductor obtained from that depicted in Fig. 1(a). Fig. 1(c)
shows the equivalent circuit used by most impedance meters.

II. INDUCTOR MODEL

In the following sections, the inductor circuit models shown
in Fig. 1 are discussed. The total ac resistance R,, the total
inductance L,., and the overall stray capacitance C' are de-
scribed and estimated in detail. The total ac resistance R, can
be written as R.. = R.,, + R., where R,, is the ac winding re-
sistance and R, is the core equivalent series resistance. The total
inductance L. is the sum of the main inductance Ly, (ac) and the
winding leakage inductance Li(ac), i-€.; Lac = Ly (ac) + Li(ac)-
In general, Ry, Re, Liy(ac), and Ly(,c) are dependent on fre-
quency f. To determine the behavior of these parameters as
functions of frequency, models for both the winding and the
laminated iron core are developed separately in Sections II-A
and II-B, respectively. In Section II-C, the whole inductor model
is considered including the parasitic capacitance, which is cal-
culated on the basis of the inductor first self-resonant frequency.

A. Winding Model

The winding resistance of an inductor increases with fre-
quency because of the skin and proximity effects. These effects
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are due to the time-varying electromagnetic field. The com-
bined result of these two effects is a reduction in the effective
cross-sectional area of the wire available for the current flow.
Therefore, the ac winding resistance R,, at high frequencies be-
comes greater than the dc resistance R, (qc)- The ac winding
resistance of an inductor with [V; layers was derived in [1] and
simplified in [4] and [5] as

e?4 — 724 1 2sin(24)

e24 + e=24 — 2co0s(24)

NP—1 et —e?—2sind
3 etdeAt2cosA

R, = Rw(dc)A .

+2 (1

where A is a dimensionless quantity, which depends on the
winding conductor geometry. The first and second terms in (1)
represent the skin effect and the proximity effect contributions
to the winding ac resistance, respectively. For a round wire of
diameter d, the quantity A = A,. is given by

O e

and for a strip wire of width ¢ and height b, the quantity A = A,

is described by
b [a
Ag=— /- 3
) 5w\/; )

where p is the winding pitch, i.e., the distance between the cen-
ters of two adjacent conductors, and §,, is the skin depth of the

wire expressed as
/ Pw
6'11) = - ;- (4)
T o trw |

In (4), po = 47 1077 H/m, pi, is the wire relative mag-
netic permeability, and p,, is the wire electrical resistivity. For
a copper conductor, (., = 1 and p,, = 17.24 X 1079 Q-m at
20 °C.

The winding leakage inductance Lj...) was derived by
Dowell [1] and simplified in [6] as

A 62A — 6_2A — 2S111(2A)
w(de) g | 24§ e—24 _ 9 cos(24)
NZ—1 e —e 4 42sin4d
3 eAteA42cosAl”

Ll(a(‘,) =R

+2 )

B. Core Model

Most inductors used in power electronics applications are re-
alized with air gaps. In fact, the presence of an air gap is the
most common way to linearize the behavior of an inductor over
a large excursion range of the winding current, avoiding core
saturation and reducing the harmonic distortion. Let us consider
alaminated iron core with an air gap. Fig. 2 displays a rectilinear
development of one of the sheets of the lamination packet, which
forms the core. The inductor is composed of a core consisting
of n sheets and N wire turns wound around it. In Fig. 2, s is the
thickness of a single lamination, ¢ is the width of the lamination,
l. is the axial length of the iron sheet, and [, is the length of the
air gap. The current i(¢) in the winding flows in the y direction
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Fig. 2. Rectilinear development of a sheet.

of the Cartesian coordinate system shown in Fig. 2. Adopting a
one-dimensional analysis, the magnetic field intensity vector in
the core has only the component along the z axis, which depends
on the = coordinate along the thickness and time ¢ only. Simi-
larly, the eddy current density vector has the y-directed com-
ponent J,(z,t) only. The Ampere’s circuital law is applied to
a rectangular line consisting of a path located inside any sheet
of the packet and the air gap (as indicated by the dashed line in
Fig. 2) and of a path (not shown in Fig. 2) embracing the coil
conductors in the region of space, where zz > 0. We can write

s/2
H.(z,t)l. + Ho(z,t)l, = Ni(t) + 1. / Jy(z,t)dz  (6)

x

where H.(z,t) and H,(z,t) are the magnetic field intensities
in the iron sheet and in its related air gap, respectively. As the
total eddy current in any sheet is zero, only the eddy currents
in the region between any x and x = s/2 of the considered
sheet contribute to the circulation of the magnetic field inten-
sity. The electrical parameters of a core with an air gap can be
obtained through a one-dimensional analysis of the electromag-
netic diffusion in a packet of laminations. The derivation of the
impedance of nonsaturated laminated iron-core inductors oper-
ated under sinusoidal steady-state conditions is given in the Ap-
pendix. The derived expressions for the core equivalent series
resistance R, related to the power loss due to eddy currents
flowing in the core, and for the main inductance L, (ac), related
to the magnetic field paths in the core, are given by
8, sinh % — sin %
Re = whm(ao) s cosh & tcosy )
6y sinh - +sin &

L =L T T s 8
m(ac) ™49 cosh 5 tcosg ®

where

5, = | -Le )

Thte f

and
Lm(dc) = /LeNQAFe/Zc

are the iron sheet skin depth, with p. being the electrical re-
sistivity of the iron sheet, and the dc and low-frequency main
inductance, respectively. In (10), A, is the effective cross-sec-
tional area of the central limb. In (9) and (10), y. is the equiva-
lent magnetic permeability defined by

L.
Pl tirela

(10)

fre = (11)

where (. = -cllo 1S the absolute magnetic permeability and
e 18 the relative magnetic permeability of the iron sheet. The
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permeability p. is defined so that a gapless magnetic core of
length [. and permeability p. is equivalent to the considered
magnetic circuit with an air gap. From (11), it follows that for
gapless iron cores [, = 0, and the equivalent magnetic perme-
ability p. equals the iron lamination permeability p.. In this
case, (9) and (10) simplify to those given in [2].

C. Series Equivalent Circuit of Laminated Iron-Core Inductors

Fig. 1(b) depicts a series equivalent circuit of inductors, in
which the equivalent series resistance R and reactance X are

(4]

R

R, = ac 12
(1= w2LoC)? + (WC R (12)
whae (1= w?LacC — i)

X, = (13)

(1 — wQLaCC)Q + (WCRac)2

with w = 27 f. Hence, the equivalent series inductance L is
given by

(14)

Most network analyzers and impedance meters display R
and L,. Fig. 1(c) shows the equivalent circuit measured by these
meters.

A self-resonant frequency f,. of an inductor is defined as a
frequency at which the reactance X, becomes zero. Hence, the
total parasitic capacitance C' can be calculated from (13) using
the measured first self-resonant frequency f,1 as

1

C= XL
RZ_(fr1
(27 fr1)? Lac(fr1) + ‘LZZE}CM;

15)

The frequency f,1 is assumed to be a constant parameter in
the whole operating frequency range of the inductor. The value
of C was also verified by reactance measurements at frequen-
cies much higher than the first self-resonance, where the capac-
itive branch becomes dominant with respect to the RL branch
of Fig. 1(a).

III. EXPERIMENTAL RESULTS

Measurements were carried out to test the validity of the pro-
posed model for two laminated iron-core inductors with an air
gap. An HP 4192A LF Impedance Analyzer (5 Hz—13 MHz)
equipped with an HP 16047A test fixture [7] was employed
to achieve a higher accuracy, minimizing residual parameters
and contact resistances. The tested inductors were arranged by
the same EI core depicted in Fig. 3 in order to emphasize the
winding contribution. The value of the equivalent permeability
of the EI core was calculated from (11) considering /. as the
length of the path comprised of the geometrical axis of the half
central limb and that of one of the two outer limbs, and [, = 2{,;
as the total air gap. The parameters of interest for the two types
of inductors are reported in Table 1.

The magnetic permeability of the iron sheet used in the cal-
culations corresponds to its initial value. The measured initial
relative permeability was fi,..; = 300. The measured resistivity
of the iron sheet was p. = 7 x 10~7 Q-m. The lamination
thickness was s = 0.3 mm. Figs. 4 and 5 show the measured
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TABLE 1
INDUCTOR PARAMETERS
. Inductor Inductor
Symbol Quantity #] 0
d wire diameter (mm) 1.5 1.46
2 winding pitch (mm) p=d p=d
N number of turn layers 6 2
N, number of turns per layer 23 24
N total number of turns 138 48
Are iron core cross-sectional area (mm?) 1067 1067
/A length in the iron core (mm) 168 168
I width of each air gap (mm) 0.40 0.21
Ue/M,  equivalent relative permeability 124 171
Lydey ~ dc mean inductance (mH) 18.8 3.15
Ry dc winding resistance (mQ) 236 73
I first self-resonant frequency (MHz) 0.103 1.48
C total parasitic capacitance (pF) 153 20.7
I
. ¢ mesued § |
calculated
D e R Y M W
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Fig. 4. Measured and calculated equivalent series resistance R, inductor #1.

(dots) and calculated (solid line) equivalent series resistance R
and reactance X of the tested inductor #1 as functions of fre-
quency, respectively. The measured (dots) and calculated (solid
line) equivalent series resistance R and reactance X, of the
tested inductor #2 are depicted in Figs. 6 and 7, respectively.
The measured first self-resonant frequency for the inductor #1
was fr1 = 103 kHz. The capacitance value calculated from (15)
was C' = 153 pF. In the case of the inductor #2, the first self-res-
onant frequency was fr; = 1.48 MHz, resulting in a calculated
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Fig. 5. Measured and calculated equivalent series reactance X ¢, inductor #1.
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Fig. 6. Measured and calculated equivalent series resistance R, inductor #2.
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Fig. 7. Measured and calculated equivalent series reactance X s, inductor #2.

value of capacitance C' = 20.7 pF. The calculated capacitance
value for the inductor #1, arranged with six layers, is greater
than the one of the inductor #2 with two layers. The calculated
capacitances indicate that the overall stray capacitance is lower
if the inductor is arranged using a lower number of layers [8].
The proximity effect also gives a lower contribution to (1) and
(5) for a lower number of layers. The figures reported here show
that the obtained results are in good agreement with the mea-
surements in the whole examined frequency range.
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Fig. 9. Measured and calculated equivalent series inductance L, and total
inductance L., inductor #2.

At frequencies below the first resonance, the absolute value
of the reactance of the parasitic capacitance is much higher than
the impedance magnitude of the RL branch in Fig. 1(a), and re-
sistances R, and R, increase with frequency and remain close
to each other. Therefore, the total power loss in the inductor
(comprised of the core loss and the winding loss) increases with
frequency at a fixed inductor current amplitude. At frequencies
above the first resonance, the absolute value of the reactance
of the parasitic capacitance is lower than the impedance mag-
nitude of the RL branch, and the inductor current is partially
shunted by the parasitic capacitance. Consequently, the total in-
ductor power loss decreases with frequency at a fixed inductor
current amplitude, and the equivalent series resistance R also
decreases with frequency.

The behavior of the total inductance L, versus frequency de-
serves to be investigated. Fig. 8 depicts the total inductance L.,
and the measured and calculated equivalent series inductance L
for the inductor #1. This figure indicates that the overall stray ca-
pacitance strongly affects the behavior of this inductor starting
from about 80 kHz.

The total inductance L,. and the measured and calculated
equivalent series inductance L, versus frequency for the in-
ductor #2 are shown in Fig. 9. The curves of the calculated
L,. and Ls coincide up to 1 MHz and above that frequency
they separate from each other. This means that the effect of the
overall stray capacitance is almost negligible up to 1 MHz and,

1843

below that frequency, the decrease of the equivalent series in-
ductance L can be attributed mainly to eddy currents, which
reduce the magnetic field inside the core. Above that frequency,
the equivalent series inductance L, quickly decreases crossing
the zero-axis due to the first parallel resonance and assuming
negative value, i.e., the influence of the overall stray capacitance
C becomes dominant.

The behavior of the examined inductors reveals that the ef-
fects due to the eddy currents in the laminated iron core and to
the turn-to-turn and turn-to-core stray capacitances become sig-
nificant in different frequency ranges. Below the first self-reso-
nant frequency, the equivalent series inductance L practically
coincides with the total inductance L,.. Then, it decreases with
frequency compared to its dc value mainly because of the eddy
currents produced in the laminated iron core, which expel the
magnetic field out of the lamination. At frequencies above the
first self-resonant frequency, the effect of the overall stray ca-
pacitance C' becomes dominant.

IV. CONCLUSION

In this paper, an RLC model is proposed to represent the be-
havior of laminated iron-core inductors with air gaps for fre-
quencies up to few megahertz. The total ac resistance and total
inductance are frequency-dependent parameters because of the
skin and proximity effects in the winding and the eddy cur-
rents in the laminated iron core. The hysteresis losses in the
core are neglected. The eddy currents are evaluated by a one-di-
mensional field analysis considering nonsaturated iron cores.
The overall stray capacitance, which models the turn-to-turn
and turn-to-iron core stray capacitances, is calculated from the
first self-resonant frequency of the coil and is assumed to be
independent of frequency. The calculated results were in good
agreement with the measurements carried out for two tested in-
ductors. The presented model seems to be sufficiently accurate
from zero to above the first self-resonant frequency of induc-
tors. It can be used for computer-aided simulations of lami-
nated iron-core inductors employed in high-frequency applica-
tions such as switching converters.

APPENDIX
DERIVATION OF IMPEDANCE FOR LAMINATED IRON-CORE
INDUCTORS WITH AIR GAP

Starting from (6), it will be shown that (7) and (8) are valid
for nonsaturated laminated iron cores with an air gap. With ref-
erence to Fig. 2, neglecting fringing effects in the air gap and
taking into account the continuity of the magnetic flux density
at the boundary between air and iron, it follows that

B,(z,t) = B.(z,t). (A1)

Substituting (A1) into (6) and considering a linear constitu-

tive law for the iron, we obtain

s/2

Me - lc
. — e N |y <
H.(x,t)l. ) i(t) - ~ / Jy(a;t) dx

T
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where (i, is given by (11). From (A2), we can write
5/2
J o He
/ y(z,t)dz|= —N—Jy(a:, t).

xr

pe O

OHc(z,t) _
oz e O

Faraday’s law for the problem under consideration can be
written as

0E,(z,t)  0B.(z,1)

ox N ot

Applying Ohm’s law J, = E, /p. and using (A3) and (A4),
we can write

(A4)

O*H (z,t) e OHc (2, t)
ox? T pe ot

(A5)

Introducing the magnetic field intensity phasor H..(z) for si-
nusoidal steady state at angular frequency w, (A5) becomes

dQIfIC T PO

W() = k?H.(7) (A6)
where

> jw e 14+

= qu - J (A7)

c t

and

5, = m’:“f. (A8)

The differential equation (A6) has a general solution given by

H.(z) = Ae¥™ 4 Be ke, (A9)

As the total eddy current in any sheet is zero, the magnetic
field intensity in the considered sheet is not influenced by the
remaining sheets and, because of symmetry, it satisfies the
condition

H(v) = He(-x). (A10)
Equation (A9) can then be written in the form
H.(z) = C cosh k. (A11)
Applying the boundary conditions to (A11) yields
R _ cosh (%x)
H.(xz)=H.,,p——% (A12)

0 1+j
S
cosh (T 5)

where H,, is the magnetic field intensity phasor at the boundary
of the sheet, i.e., for z = +s/2. In order to determine H.,, the
eddy-current density phasor jy (z) in any sheet can be calcu-
lated using the differential form of the Maxwell-Faraday law.
Neglecting the displacement current density in iron, which is
much lower than the conduction current density, one obtains

sinh ( a:)
cosh (%%) .
(A13)

J(@) = (V x Ho()), = —He <1;;J>
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From (A13), it follows that the phasor jy (z) is an odd func-
tion of =

Ty(x) = =Jy(~a).

Hence, (A2) written for x = £s/2 and in terms of phasors
gives

(Al4)

~ e N -
Hcozp/__l

(A15)
e le

where 1 is the phasor of the sinusoidal current flowing through
the coil. The magnetic flux phasor throughout a cross section of
any sheet is calculated as

. . s 14+is\ -
d =2q / B.(z)dz = Zq,ucrtj tanh < ;;J %) H,,

(Al6)

where ¢ is the width of the sheet, as shown in Fig. 2.
Neglecting the leakage flux through the thin gaps between
adjacent sheets, the magnetic flux linking the coil is

1+75s)\ A
h a H('a
an < 5 2) o (A17)

where N is the number of turns of the coil, n is the number of
laminations in the packet, and D = ns is the thickness of the
packet. Substituting (A15) into (A17) yields

<i>c = Nnd = 2Ny

s ¢ 2 14355\ »
P, = m(dc)l t h< 5 2)[ (A18)
where
N?D
Lin(ac) = He—7— (A19)

is the dc and low-frequency main inductance. Hence, the voltage
induced across the winding by the magnetic flux is

2tanh<1+jf>f (A20)
5, 2

and the impedance of the inductor is given by

5 b

V = jwd, = jwL

.V oy 2 1+7s
7 = — = jwlm(qe)—— — tanh =
7 Jw (de) jsan< 2>

g 5 (A21)

We can write (A21) as
5 5 (sinhg—sing

[
Whm(de) cosh - + cos 3~

S

L1 . s
sinh > + sin 5
s s °
cosh 5 tcosy

(A22)

The real and imaginary parts of Z represent the core equivalent
series resistance R, (which accounts for the eddy-current loss
in the core) and the coil main reactance w Ly, (ac), respectively.
From (A21), these parameters are

R.=Re(Z s v LR T

- =Rl = m<dc>sm (429
Im(Z 8 s1nh + sin

L =—/=0 —i . (A24

m(ac) w m(dc) s COSh + cos = ( )

b
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The expressions (A23) and (A24) for the core resistance R,
and main inductance L, (,c) are similar to those obtained in [2]
for a gapless core inductor which use just the iron sheet per-
meability p. in (9) and (10). Hence, a laminated iron core with
an air gap can be treated as a gapless one, when the equivalent
permeability pu. instead of p. is introduced. This substitution
can be made also for the calculation of the time average power
loss in the core P, = Rclgz( Re) /2 using the core equivalent se-
ries resistance R., where I, (g.) is the amplitude of the current
through the core resistance R.. In addition, it could be easily
shown that the loss calculated from this expression coincides
with that which can be obtained starting from the eddy-cur-
rent density distribution and the power loss density distribu-
tion in a sheet of the packet [2], [9]. The total power loss in
the inductor, comprised of the core loss and the winding loss,
is P, = RSITZn/ 2, where I, is the amplitude of the current
through the inductor.
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