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High-Frequency Small-Signal
Model of Ferrite Core Inductors

Martian K. Kazimierczuk, Senior Member, IEEE, Giuseppe Sancineto,
Gabriele Grandi, Ugo Reggiani, Meimber, IEEE, and Antonio Massarini

Abstract— A circuit model of ferrite core inductors is pre-
sented, The behavior of the model parameters versus frequency
is considered. The total power loss in inductors consisting of
the winding resistance loss and the core loss, is' modeled by
a -frequency-dependent equivalent series resistance, The total
inductance given by the sum of the main inductance and the
lenkage inductance is obtained as a function of frequency. In
order to study the core equivalent resistance and main inductance
versus frequency, the magnetic field distribution in the core
is derived from Maxwell’s equations for a leng solenoid. The
complex permeability and permittivity of the ferrite core are
introdnced in the electromagnetic field equations. Experimental
results are also glven. _ i

Index Terms— Circuit modeling, coils, eddy currents, ferrite
inductors, frequency response, magnetic cores, magnetic losses,
skin effect.

1. INTRODUCTION

NE METHOD to reduce the overall size and weight of
A_JF power converters is to increase the switching frequency
above several hundred kilchertz. This allows the volume of

inductors, capacitors, and transformers to be much smaller. To'

achieve this goal, it is important to obtain high efficiency at
high operating frequencies, Moreover, parasitic components in
the converter circuits must be accurately predicted to prevent
unwanted behavior. The purpose of this paper is to explore the
behavior of ferrite core inductors and present a circuit model
valid at high frequencies in which parasitic capacitances, wind-
ing and core losses, and the frequency-dependent inductance
are taken into account. Expressions are derived for the core
equivalent resistance and -main inductance as functions of
frequency. The Dowell’s equations [1] are used for the winding
resistance and leakage inductance, Experimental results are
also given. :

II. EQUIVALENT CIRCUIT OF FERRITE CORE INDUCTORS

Fig. 1(a) shows a lumped parameter miodel of a ferrite core
inductor [2], [3], where R, is the winding resistance, R, is the
core equivalent series resistance, L. is the total inductance,
and C is the total parasitic capacitance. In general, R, R,

Manuscript received December 7, 1998; revised May 19, 1999.

M. K. Kazimierczuk and G. Sancineta are with the Department of Electrical
Engincering, Wright State University, Dayton, OH 45435 USA (e-mail:
mkazim@cs.wright.edu), -

G, Grandi and U.-Reggiani are with the Department of Electrical Engineer-
ing, University of Bologna, 40136 Bologna, Italy.

A, Massarini is with the Department of Engineering, Sciences University’

of Modena and Reggio Bmilia, 41100 Modena, Italy.
. Publisher Item Identifier S 0018—94_64(99)08096-6.

and L,. are dependent on frequency f. Fig. 1(b) shows the
total ac resistance R, = R, + R.. The impedance of the

-inductor model is Z; = R, + jX,. Fig. 1(c) depicts a series

equivalent circuit of the inductor, where the equivalent series
resistance (ESR) is [2], [3]

Rac
b= A Lo F (wO Ry o
and the equivalent series reactance is
.
WLac (1 - w2LaCC’ — %‘Rj&> .
X, = - @)

(1 = w2L,cC)? 4 (WO R )
where «w = 27 f. Hence, the equivalent series inductance (ESL)
is given by
X

2w ®

L, =

which is also significant because most network analyzers and
impedance meters measure K, and L, The self-resonant
frequency f. of an inductor is defined as the frequency at
which its reactance X, becomes zero. Hence, from (2), the
inductor total parasitic capacitance can be calculated as

1

C = “4)

RL(fr)

( -fT) ac(fr) ) Lac(fr)

where Lc(f) and Rac(f.) are the total inductance and total

resistance at the resonant frequency f,., respectively. The
capacitance C is assumed to be independent of frequency.

HI. WINDING RESISTANCE

The winding resistance of an inductor increases with fre-
quency because of the skin and proximity effects due to the
eddy current in the conductor generated by the time-varying
electromagnetic field. The final result of these two combined
effects is a reduction in the effective cross-sectional area of the
wire available for the current flow. Therefore, the ac resistance
at high frequencies becomes greater than the dc resistance. The
winding ac resistance of an inductor with Ny layers is [1]

e —e 24 4 25in(24) ° N2 -1
€24+ e=24 — 2 cos (24} 3
et —e 4 - 23in A
" eAte A2 cos A}

Ry = Ryqc4
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Fig. 1. Equivalent circuits of the inductor: (a) lumped parameter eguivalent

cirenit, (b) equivalent circuit with Rae = Ruw + Re, and (¢} equivalent series
circuit,

where Riq4c is the dc winding resistance at a given temperature
T, and A for a round wire is
374 g3/2
A= (3) L (6)
4 dtl/2 :

in which 4 is the conductor diameter, £ is the distance between
the centers of two adjacent conductors, and & is the skin depth
of the wire given by

Ry . — G
o o |
“Tn (7), pu is the wire resistivity (p,, = 17.24 x 10~ Qm for
a copper wire at temperature of 20°C), pire is the relative
magnetic permeability of the conductor material (4, = 1 for
a copper conductor), and po = 4w X 10~7 H/m,

IV. MAIN INDUCTANCE AND CORE BQUIVALENT RESISTANCE

Let us consider a coil uniformly wound around a ferrite core
of length { and circular ¢ross section of radius r,. Assuming
that the length of the cylindrical core-is very long compared
with its radius {{ = 7,), edge effects can be neglected. Thus,
the magnetic field can be considered uniform-along the 2z

axis of a cylindrical coordinate reference system, as shown.

in Fig. 2. Because of the cylindrical symmetry, the electric
and magnetic fields are independent of . and 2 coordinates.
In particular, the magnetic field vector is given by

H(r, @, 2, 1) = H,(r, t)a,. ®)

For the sinusoidal steady state, we can introduce the magnetic
field complex vectot

H(r) = B(r)a: ©

IEEE TRANSACTIONS ON MAGNETICS, VOL. 35, NO. 5, SEPTEMBER 1999

where the magnetic field phasor H(r) is given by
H(r) = H.(r) =

The present model takes into account the core magnetié
hiysteresis loss by a frequency-dependent complex magnetic
permeability [4]

Hon (r)ed), (10)

(11)

Therefore, the magnetic induction is described by a complex
vector

fic = pofire = pho(fire = JHiye)-

B = pH = po(pn, ~ ji o) H. (12)
To take into account the core dielectric loss that occurs in
grain boundary regions due to the electric hysteresis [4], [5],
the electric permittivity is also expressed as a complex qua.nt1ty

dependent on frequency. Hence

S

Ep = Eofpe = 50(5;@ - j&';{c) (13)
The relationship between the electric displacement field com-
plex vector D and the electric field complex vector R is given
by

ﬁ;écE_sa(src ~ je" ). (14)

In order to derive the main inductance and core equivalent
resistance from the voltage induced across the winding by
the time-varying magnetic flux, the magnetic field distribution
in the corc must be derived from Maxwell’s equations. The
Maxwell’s equatlons in terms of complex vectors can be
expressed as

VxIAI=3+jw.f)

= 7. B + jwéE

= (7 + juwéo) B

="?cE (15)
V x B =—juB = — jwji.H (16)

where J is the complex vector of the conduction current
density, -y, is the electric conductivity of the core, and 4, =
Yo + jwé, is its complex conductivity. In (15), v.& is respon-
sible of the eddy-current loss due to the nonzero conductivity
7. of the core, we,¢;..& accounts for the dielectric loss, and
the term wpi, /! H in (16) is related to the magnetic hysteresis
loss. From (15) and (16), we can write

% (v x H) = 4.V x B = —jwiichH = —k2H (17)

whete
k? = wficAe. (18)
From (9) and (17), it follows that
@R 1dH 4,
&ty TIRH=0 i

This is the well-known Bessel’s differential equation with the
unique solution for r — 0

H(r) = QJo(5*%kr) (20)
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. Fig. 2, " Core geometrical view.

where Jy is the Bessel’s function of the first kind of zero
order and & is an integration constant. Applying the boundary
condition to the magnetic field phasor at the surface of the
cylinder

1, = H(r,) = Go(J mm-) k @1)
we can obtain -~ IR .
o)
H(r) = Byt 22)
J[)(j / k‘?‘o) .
with
A= 23)

where N is the total number of turns wound around the
cylinder, and I is the phasor of the current in the coil. The
magnetic flux phasor through a cross section is calculated as

B = f i, H dS
CO .
To N
=27rf freH (7)r-dr
' 0

Through the ‘manipulations shown in the Appendix, (24)
becomes . '

(24)

J1 (j‘q'/?\/i %0“)

()

where LT, is the low-frequency main inductance, Jy is the
Bessel’s function of the first kind of order one, and 4 is given
by (40). Neglecting the leakage flux, the magnetic flux linking
the c011 is

bmpmil L fe

. 25
d Nluolu‘rc ]3/2\/— @)

&, = N (26)
Hence, the voltage induced across the wmdmg by the magnetic
flux is

'y A

V= jud, ey

Jl(jm\/ﬁiﬂ)

= Jw L T _ 7«6 .

otlo B (922 )
' - (28)

and the impedance of the inductor is given by
=T

_ The real and imaginary parts of 7 represent the core equivalent

series resistance R. (which accounts for the eddy current
loss and both magnetic and electric hysteresis losses in the
core) and the coil main reactance wIf, respectively, These
parameters - are '

RczRe(Z)
N J1 (3;3/2\/529)
2L prm T Pre 00 g
lrc 3/2\/_— Jo(j3/ \,[in>
and
Im(Z)
Lt =
2 f
. j3/2 zf-)
_2__ m Hre (j \/_6 (30)
7 de
re _7\3/‘2\/~

()|

V. LEAKAGE AND TOTAL INDUCTANCES .
An expression for the leakage inductance derived by Dowell

- [1] and simplified here is described by

Lic =Rwdc—A— .egi4 - e:zA -2 s.in (24) + 2N£2 -1
2mf [ e?4 4 e—24 — 2 cos (24) 3
' et —e A+ 2s8in A
A e A1 2cos A] @1
Thus, the total inductance of the coil is given by
Loe = L + L. (32)

VI. EXPERIMENTAL RESULTS

To verify the validity of the circuit model, an inductor was
wound on a Siemens BC32 ferrite core (part nio, B66341) with
a circular cross section of the central leg and:no air gap. This
core uses N27 magnetic material, The diameter of the central
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Fig. 3. Real part p} and imaginary part p!/, of the relative permeability of
the Siemens N27 core material versus frequency.

leg was 2r, = 13.75 % 1073 m. A solid copper wire with
d = 0.66 x 107 m and ¢ &~ d (AWG#22) was wound on
the central leg to obtain a one layer winding inductor (N; =
1). The required nwmber of turns of the winding inductor
was Ny = 39, From data sheets, the inductance factor was
Ay, = 3.4 pH, resulting in the calculated low-frequency main
inductance LT = (N;N;)?Ar = 5.15 mH. The dc resistance
calculated for the winding was Ryac = 8pu 7o Ny /d? = 84.89
m{?. The core resistivity was p. = 3 {2m. The measurements
were performed using an HP 4194A impedance analyzer
equipped with an HP 16047D test fixture [6] to achieve a
higher accuracy by minimizing residual parameters such as
lead inductances and contact resistances,

Using the data sheets in the Siemens catalogue, the real
and imaginary parts of the complex permeability u..(f)
and ul.(f) for low values of magnetic induction B were
approximated in the frequency range from 100 Hz to 2 MHz
as shown in Fig. 3. The core ferromagnetic resonant frequency
was about 2 MHz. Most inductors (except chokes) are operated
well -below the ferromagnetic resonance. For the tested core,
the electrical hysteresis was neglected. Thus, only the real

part of the relative permittivity was taken into account, so .

that é, = &,&,.. The core relative electric permittivity &,
was calculated from measurements of a capacitance whose
diclectric was a core material sample, using the same HP
4194A impedance analyzer., Fig, 4 shows the measured real
part of the core relative permittivity by a dashed line, which
was approximated by a solid line and used in computations,
It can be seen that the real part of the permittivity decreases
with frequency. In Fig. 5, the winding resistance R, is plotted
using the Dowell’s equation (5). The winding resistance in-
creased rapidly with frequency for f > 20 kHz. The equivalent
series core resistance I, given by (29) is plotted versus
frequency in Fig. 6. As expected, the core resistance increased
with frequency and reached very high values of the order of
40 k2. The main inductance L7} versus frequency given by
(30) is plotted in Fig. 7. The main inductance was independent
of frequency up to-1 MHz and then rapidly decreased. At
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Fig. 4. Measured (dashed line) and approximated (solid line) relative per-
mittivity ., of the Siemens N27 core material versvs frequency,
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Fig. 5. Winding resistance R. versus frequency.
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Fig. 6. Core equivalent series resistance K, versus frequency.

high frequencies, in spite of the ferrite low conductivity,
eddy currents strongly weaken the magnetic field in the
core and, consequently, the main inductance decreases, Fig. 8
shows the calculated and measured ESR R, versus frequency.
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frequency. : ‘
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Fig. 9. Measured (dashed line) and calculated {solid line) ESL L, :versué
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Fig, 9 depicts the caleulated and measured ESL L, versus
frequency. In Fig, 10, the calculated and measured values
of the magnitude of the inductor impedance are compared.
Fig. 11 shows the behavior of the calculated and measured
phase of the inductor impedance versus frequency. Fig. 12

- 4189

1207

1007

1z) . .
way , N
40 r

20

0 . : s
0 02 04 06

R !

.08 1 12
. f(MHz)

14 16 18 2
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Fig. 11. Measured (dashed line) and calevlated (solid ling) phase of the
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Fig, 12. Leakage inductance I, vérsus frequency.

shows-a plot of the leakage inductance L', versus frequency.
The leakage inductance is almost independent. of frequency
at low frequencies and decreases to zero at high frequencies.
At high frequencies, the current tends to concentrate close
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Fig. 13. Ratio of the leakage inductance to the main inductance L. /L
versus frequency. :

to. the surface of the conductor and the internal magnetic field
approaches zero, The ratio L8 /L™ versus frequency is shown
in Fig. 13, We can conclude that the leakage inductance is
negligible as compared to the main inductance L7. in the
examined case of the ferrite core inductor with a single layer.
For this reason, L!, is neglected in this paper. The measured
reactance was zero at f = f, = 1.25 MHz, Hence, from (4)
and Figs, 5-7, C = 2.61 pF was calculated. The cheice of
N; = 1 in the experimental tests allows us to verify better
_the accuracy of the proposed formulas (29) and (30). In fact,
(29) and (30) do not depend on the number of layers AN,
whereas Dowell’s formula (5) and (31) do. Thus, it is desirable
that the contributions of the winding resistance and leakage
inductance given by (5) and (31) to the total ac resistance and

inductance are reduced to a minimum, This minimum occurs

when N; = 1.

VII. CONCLUSION

A small-signal circuit model of ferrite core inductors has
been examined and analytical functions have been derived
fo describe the behavior of the lumped parameters versus
frequency. Experimental and calculated results have also been
compared. It seems that the mode! is sufficiently accurate up
to the self-resonance frequency. The model components are
sensitive to the physical functions el ( f), p..(f), and g ( f).
A large-signal model is recommended for future research.

APPENDIX

Starting from (24), we can obtain (25) through the following
manipulations. Letting

7 =5k (33)
fr =1 (34)
we can write
o
dr = - 35
p (35)
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Hence, the phasor of the magnetic flux through a cylindrical
cross section given by (24) becomes

5 NI fe f
& =on— o
o JG(UO) 0

bl di
— Jo(0)—
n ()7]

NI p, 1 %
—orlt | (o) di.
T Toltn) ﬁzj} 8Jo(0) d

Using the Bessel’s function property [7]

(36)

w1 (u) du = u™ S () (37)

—

(36) becomes

‘i) -—“':2TI'T'ZNI [’lc@u Jl(ﬂo)

© 1 AtrE Jo(do)
)

g2
“'N Mokne js/z(wﬁC'?/C)l/g%

Sy [j3/2 (Wﬂc%)I/%OJ
T [j3/2(wﬁcf}c)lf 2%]

7,
. Ji (js/zﬁ;)
_ Enhz' 1 He b
< / 7
N Hollre ‘73/2\/5-50- Ja(f”ﬁ%)

(38)

where the low-frequency main inductance is
/2
Holly AT,
Er: — N2 ’r;lc e
Expression (38) coincides with (25), where b is given by
1
T f

(39)

b=

1
- \/quo(u’m ~ JWle) (Ve + 527 f52)
_ 1
T f 1o (ptloe — Jpe) e + 527 f (el — jell)] '
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